2 Chapter One A LIBRARY OF FUNCTIONS

1.1 FUNCTIONS AND CHANGE '

In mathematics, a function is used to represent the dependence of one quantity upon another..
- Let’s look at an example. Syracuse, New York has the highest annual snowfall of any US city
- because of the “lake effect” snow coming from cold Northwest winds blowing over nearby Lake
~ Erie. Lake effect snowfall has been heavier over the last few decades; some have suggested this is

_due to the warming of Lake Erie by climate change. In December 2010, Syracuse got 66.9 inches

OW in‘one 1>2day‘p¢tfiod,‘ all 'of it from lake effect snow. See Table BT 8

 Table Daily snowfall in Syracuse, December 5-16, 2010

ch day gives rise to one snowfall tot
would not need a weather bureau), but ney
2 o i ha
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chirp rate is a function of temperature. In other words, if we know the temperature, we can determine
the chirp rate. Even more surprisingly, the chirp rate, C', in chirps per minute, increases steadily with
the temperature, T, in degrees Fahrenheit, and can be computed by the formula

C =4T - 160

to a fair degree of accuracy. We write C = f(1") to express the fact that we think of C' as a function
of T and that we have named this function f. The graph of this function is in Figure 1.2.

C (chirps per minute)
400 |
300
100 t o
— [P T(OF) AR
- 40, 100 140 FEENRE A

Figure 1.2: Cricket chirp rate versus temperature -

Examples of Domain and Range

“If the domain of a function is not specified, we usually. take-it to be' the largest possrble set of
real numbers. For example, we usually think of the domain of the: function f (z)'= 22 as all real
numbers. However, the domain of the, function g( ) is all real numbers except zero, since
we cannot divide by zero. S

Sometimes we restrict the domain tobe smaller than the largest possible set of real numbers.
For example, if the function f(z) = 2? is used to represent the area of a square of side x, we restrict
the domain to nonnegative values of z. S :

Examplﬂé 1 o

Solution

If we consrder the equatlon o

The function C' = f( gives chirp rate as a function of temperature. We restrict this function to
temperatures for which the pred1cted chlrp rate s positive; and up to the highest temperature ever
recorded at a weather stat1on 136°F What is the domam of this funcuon f ?

“simply as a mathematical relationship between two varrables C’ and T any T Value is possible.

However, if we think of it as a relationship betwee chirps and temperature, then C' cannot
be less than 0. Since C' = 0 leads to 0 = 47 — 160, and so T+= 40°F, we see that T" cannot be less

than 40°F. (See Figure 1.2.) In addition, we are told that the function is not deﬁned for temperatures

above 136°. Thus, for the functlon C = f({T') we have -
Domam =AllT" values between 40°F and 136°F
= AllT values w1th 420 < T <136
= [40, 136]; R

Example 2

Souon

Find the range of the functlon fs g1ven the domam from Example l In other words find all possible

Agdm if we constder C’ = 4T - 160 s1mply as. a mathematrcal 1elat1onslnp, its 1ange is all real C
() for crickets, we see that the function
: 136°F) Hence
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In using the temperature to predict the chirp rate, we thought of the temperature as the indepen-
dent variable and the chirp rate as the dependent variable. However, we could do.this backward, and
calculate the temperature from the chirp rate. From this point of view, the temperature is dependent
on the chirp rate. Thus, which variable is dependent and which is independent may depend on your
viewpoint. :

Linear Functions

The chirp-rate function, C' = f(T'), is an example of a linear function. A function is linear if its
slope, or rate of change, is the same at every point. The rate of change of a function that is not linear
may vary from point to point. :

During the early years of the Olympics, the height of the men’s winning pole vault increased ap-
proximately 8 inches every four years. Table 1.2 shows that the height started at 130 inches in 1900,
and increased by the equivalent of 2 inches a year. So the height was a linear function of time from
1900 to 1912. If y is the winning height in inches and ¢ is the number of years since 1900, we can
write

i

a ‘|

% ' Olympic and World Records
P

|

y = f(t) = 130+ 2¢.-

. Sincey = f(t) increases with ¢, we say.that f is.an increasing Junction... The coefficient 2 tells us
the rate, in inches per year, at which the._h‘ i ght increases., -

Table 1.2 Men’s Olympic pole vault'y wmmng hezght (i

Year {01900 | 01904
Height (inches) | 130" | ‘138 *

What about the constant 130? This represents the mmal helght in 1900 When t=0. Geomet-
mcally, 1301 is the zntercept on the verucal axis. e :

yearssince 1900)

'isingly, it deeén t

is eledrly a da11g61 in extrapolatzng too far from the given data You should also observe that the data
in Table 1.2 is discrete, because it is glven only at spe01ﬁc points (every four ycars). However, we
have treated the variable ¢ as though it wcxe contmuous because the functlon y= 130 + 2t makes
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sense for all values of ¢. The graph in Figure 1.3 is of the continuous function because it is a solid
line, rather than four separate points representing the years in which the Olympics were held.

As the pole vault heights have increased over the years, the time to run the mile has decreased.
If y is the world record time to run the mile, in seconds, and ¢ is the number of years since 1900,
then records show that, approximately,

y = g(t) = 260 — 0.39¢.

The 260 tells us that the world record was 260 seconds in 1900 (at ¢ = 0). The slope, —0.39, tells
us that the world record decreased by about 0.39 seconds per year. We say that g is a decreasing
Sunction.

Difference Quotients and Delta Notation

We use the symbol A (the Greek letter capital delta) to mean “change in,” so Az means change in
z and' Ay means change in y. N ey

The slope of a linear function y = f(z) can be calculated from values of the function at two
points, given by z; and x5, using the formula

Rie _ Ay (o)~ )
Run ALE 2".’131 T LA IR .

The quantity (f(z2) — f(21))/ (22 =z1) i 1s called a'difference quotzent because it is the quotient of
two differences: (See Flgure 1.4.) Sincem = Ay/ Ay the units of 7 are y un1ts over z-units.

Flgure 1 4 leference quouent

Families of Linear Functions -

Notice that if the slope, m, is zero,‘_‘wé:havqy,l: b, ah

To 1ecogm7e thdl a table of L and y le; es.co
for differences in y- valucs that are constant for equally spaced

fbA+ ma, look
4valués. -

Formulas such as f(z) = b+ mn, in which the conslanls m “and b can take on various values,
give a family of functions. All the functions in a famlly share certain properties—in this case, all the
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graphs are straight lines. The constants m and b are called parameters; their meaning is shown in
Figures 1.5 and 1.6. Notice that the greater the magnitude of m, the steeper the line.

y:—Za:y y=2z y

y=2+4c
Flgure 1.5: The farmly y=mz “Figure 1.6: The family y = b + z

Increasing versus Decreasing Functions ‘ ' “ R

The terms increasing and decreasing can be: applxed to other functions, not just linear ones. See
Figure 1.7. In general, :

‘Decreasing

‘Increasing .

Figure 1.7: Increasing and decreasing functions

Proportionality

A common functional relationship occurs when one quantity is proportiona :
ple, the area, A, of a circle is proportional to the'square of the radius, r, because

another. Forexam:




Exercises and Problems for Section 1.1

Exercises
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1. The population of a city, P, in millions, is a function of
t, the number of years since 1970, so P = f(t). Explain
the meaning of the statement f(35) = 12 in terms of the
population of this city.

2. The pollutant PCB (polychlorinated biphenyl) affects the
thickness of pelican eggs. Thinking of the thickness; T',
of the eggs, in mm, as a function of the concentration, P,
of PCBs in ppm (parts per million), we have T' = f(P).
Explain the meaning of f(200) in terms of thickness of

_pelican eggs and concentration of PCBs.

3. Describe® what Figure 1.8 tells you about an assembly
line whose productivity is represented as a function of
the number of workers on the fine. o

productivity ’

number of workers

Figure 18

For Exercises 4-7, find an equation for the line that passes

through the given points.

4. (0,0) and (1,1) 5.‘(0,2):an’d (2,3)

6. (-2, 1) and (2 3) 7. (;1, 0) and (2, 6)

For Exermses 8 11, dctermme the' slope and the - 1ntercept of

the line whose equation is given. ;
8. 2y+5x—8:0 ' 9. 7y+‘12m~2:0

10. —'4y+2tc+~8~0 oML 12w =Gy

12. Match the graphs in Flgure 1 9 thh the followmg equa-
tlons (Note that the x and y scales may be un equ 1 ).

” ) —de4d—y
: =Y (d)ZJ* —4$—5
(e yET 6 @ Y=/

N0 y ey iy -y

Figure 1.9

v 4% . -——Xf————-v-—,z ‘,

13. Match the graphs in Figure 1.10 with the following equa-
tions. (Note that the x and y scales may be unequal.)

(a) y=—-272 (b) y=0.01+0.001lz

(© y=279-01z () y=0Ilz—279

() y=-57-200z (H y==z/314
oy oy oy

' Figure 1.10

14 Estlmate the slope and the equatlon‘ of the hne in Flg—

aoFigure it i nns wneen

«15 ‘ fgg gh ;ﬁl,in?,_w‘th lope\m vthr/ou’gh the

pomt (a c) .

16. Find-alinear: functionthat- generates the: values in Ta-

Table13

For ExerCISes 17~19 ‘use -the ‘fact
/equal slo es and that th Iopes of p

17 Find' an’ equatlon forsthe dines through the pomt (2,1)
Lo ‘wh1ch is' perpendlcular toithe line. y =E 3

assummg m ;é 0.
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For Exercises 2023, give the approximate domain and range
of each function. Assume the entire graph is shown.

21. Y
6 -
4
2 y = f(x)
z — i
1 3 5
23. Y
5 y = f()
3
1
T
1 3 5

Problems

Find domain and range in Exercises 24-25.

1
24, y=2"+2 25, y =
y=o"t V= e
26. If f(t) = Vt? — 186, find all values of ¢ for which f(t)

is a real number. Solve f(t) = 3.

In Exercises 27-31, write a formula representing the function.

27. The volume of a sphere is proportional to the cube of its
radius, 7.

28. The average velocity, v, for a trip over a fixed distance,
d, is inversely proportional to the time of travel, ¢.

29. The strength, S, of a beam is proportronal to the square
of its thickness, h.

30. The energy, F, expended by a swimming dolphin is pro-
portional to the cube of the speed, v, of the dolphin.

31. The number of animal species, N, of a certain body
length, [, is inversely proportional to the square of [.

In Problems 32 35 the functlon S f (t) grves the average
annual sea level, S, in meters, in Aberdeen, Scotland,' as a
function of £, the number of years, before 2008. Write a math-
ematical expression that represents ‘the’ glven statement o

32. In 1983 the average annual sea Ievel in Aberdeen was
7.019 meters. .

33. The average annual 'sea level in Aberdeen in 2008.

34. The average annal ses level it Aberdeen was the saime.

in 1865 and 1911.

35. The average annual sea level in-Aberdeen increased by 1
millimeter from 2007 to 2008.: . .vb0r

36. In Decerﬁber 2010j fie snowfall
usually high? ‘leading'to the ‘collapse 'of the roof of the
Metrodome. Figure '1.12:gives.the snowfall; S, in- Min-

(a) How do you know
a function of date? .

(b) Estimate,the snowfall on December 12.

(¢) On which day:was.the snowfall, more:than 10 mches ?

(d) During WhICh (,onsecutlve two day mterval was the

~increase.

dwww.decc.gov.uk, accessed June 2011
Zhttp: /fwww.cth.noaa.gov/mpx/Climate/DisplayRecords.php
3Addpted f1 om Jan 'Ielwel “Real Math in Cooperative Groups in Secondary Education.” Cooperative Learning in Math-
inatics. ¢ Neal Davrdson p.234 (Reddmg Addison Wesley, 1990).

S (inches)

1 1 1 1 | 1 1 1 t(date)
6 78 9101112131415

Figure 112

37. The valueof a car, V' = f(a), in thousands ofdollars; is
2 functxon of the age of the car, a, m years

(a) Intelpret the statefment f (5) = 6 G o

(b) Sketch a possible graph of V/ agamst a. Is f an in-
‘creasing or decreasing function? Explain, =

(c) ‘Explain the significance of the horizontal and verti-
cal intercepts in terms of the value of:the car::

38. Which graph in Figure 1.13 best matches each of the fol-

lowing stories?* Write a story for the remaining graph.

(a) I had just left home when I realized I had forgotten
my books, and so I went back to pick them up.

(b) Things went fine until I had a flat tire.

(c) I started out calmly but sped up when I realized I
was going to be late. k




Iy distance (1) distance
from home from home

]

l
|

e {ime - time
(i)  distance (V) distance

from home from home

|

|

I

b — time — {ime

Figure 1.13

39. An object is put outside on a cold day at time ¢t = 0. Its
temperature, H = f(t), in °C, is graphed in Frgure 1.14.

(a) What does the statement f(30) = 10 mean in terms
of temperature? Include units for 30 and for 10 in
your answer. : :

(b) Explain what the vertical mtercept a, and the hori-
zontal intercept, b, represent in terms of temperature
of the object and time outside.

H(°Q)
a

Figure 1.14 c

40 A rock is dropped froma w1ndow and falls tothe, ground
< below: “The “height, “s:(in" meters) of the :fock-above
ground is a function of the txme i (m séconds), smce the
‘rock was dropped, 508 ~f(t)

(a) - Sketch a possible graph of slasa functron ofit:

(b) : Explain what the staternent’ f (7) = 12tells us. about
:the rock’s fall: oE :

(c) The: graph:drawn as: the answer for/part(a) should
have a horizontal and verttcal kmtex
each 1ntercept in 'te 3

41 In a Cahforma town, the monthly charge for; waste col-
“Iéction is'$8 for 32 gallons of waste and $12 39 for 68
gallons of waste.

(a) I*md alinear for mula for the cost C of waste collec- i
tion as a function of the number of. gallons of waste,

w.

(b) What is the slope of the line found in part lee

units and interpret your answer in | ost

of waste collection.

(¢) What is the vertical 1ntetcept ot the lme found 1n

part (a)? Give units and interpret your answex in
terms of the cost of waste collectton D

4//hyper textbook com/ﬁcts/ZOOS/MrchelleLee shtml
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42. For tax purposes, you may have to report the value of
your assets, such as cars og refrigerators. The value you
report drops with time. “Straight-line depreciation” as-
sumes that the value is a linear function of time. If a $950
refrigerator depreciates completely in seven years, find a
formula for its value as a function of time.

43, A company rents cars at $40 a day and 15 cents a mile.
Its competitor’s cars are $50 a day and 10 cents a mile.

(a) For-each company, give a formula for the cost of
:renting a car for a day as a function of the distance
traveled.

(b): On-the same axes, graph both functions.

(¢) ‘How should you decide which company is cheaper?

44. Residents of the town of Maple Grove who are connected
to the municipal, water supply are billed a fixed amount
'monthly plus a charge for.each cubic foot of water used.
A household using, 1000 cubic feet was billed $40, while
one usmg 1600 cubtc feet was billed $55...

(a) “What is:the‘ charge per cubic foot? - :
(b)" Write an‘equation -for. the total cost .of a resident’s
" water as‘afunction of cubic feet of water used.
it () How:many-cubic feet of water used -would lead to a
bill of $1007? :

Problems 4 sk you to plot graphs based on the follow-
fmg story: ¢/ e hlghway thts mormng, at first
traffic was fast and uncongested then it crept nearly bumper-

© to-bumper until we passed an accident, after which traffic flow

went back to normal, until I exited.” :

45, Dr1vmg speed agamst trme on the hrghway
46. Distance driven agamst tlrne on the lughway
47. Distance from my exit vs time on the hlghway

48 Dtstancek between cars vs d1stance drrven on the htghway

49 Let f (t) be: the number of Us bllhonatres in the US in
yeart A g ; ;

(a) Express the followmg statements in terms of f

i (1)"‘In 1985 there were 13 us btlhonalres

(n) In 1990 there were 99 US btlhonatres

(b) ’Fmd the average yea1 1y increase in the number of US
e 1lhona1res between 1985 and 1990 Express this us-

ngﬁthe yearly increase remains constant, find
nula. predicting the number of US billionaires
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50. An alternative to petroleum-based diesel fuel, biodiesel, (a) Find the largest time interval over which the percent-
is derived from renewable resources such as food crops, age growth in the US price per watt of a solar panel
algae, and animal oils. The table shows the recent annual was an increasing function of time. Interpret what
percent growth in US biodiesel consumption.’ increasing means, practically speaking, in this case.

(b) Find the largest time interval over which the actual
Year 2005 | 2006 | 2007 | 2008 | 2009 price per watt of a solar panel was an increasing
% growth over previous yr | 237 | 186.6 | 37.2 | —11.7| 7.3 function of time. Interpret what increasing means,

practically speaking, in this case.

(a) Find the 1a[gest time interval over which the per- 53. Table 1.4 shows the average annual sea level, S, in me-

centage growth in the US consumptlon of biodiesel ters, in Aberdeen, Scotland,8 as a function of time, ¢,
was an increasing function of time. Interpret what measured in years before 2008.
increasing means, practically speaking, in this case. ‘

(b) Find the largest time interval over which the ac- Table 1.4

tual:US consumption of biodiesel was an increasing
function of time. Interpret what increasing means,
practically speaking, in this case.

t 0 25 50 75 100 125
S| 7.094 1 7019 6.992 | 6.965 | 6.938 | 6.957

51. Hydroelectric power is electric power generated by the

force of moving water. Figure 1.15 shows the annual (a) What was the average sea level in Aber deen n
percent growth in hydroelectrlc power consumptlon by 20087
the US indusirial sector between 2004 and 2009.” (b) In what year was the average sea level 7.019 meters?
(a) Find the largest time intervalover whichi the percent- £6.957 meters? .
age growth in the US consumption of hydroelectric (¢) Table 1.5 gives the average sea level, .5, in Aberdeen
- power was a:decreasing-function of time. Interpret as a function of the year, . Complete the missing
what decreasing means; practlcally speakmg, in this values.
case. ; "

(b) Find the largest time interval over wh1ch the actual' Table 1.5

1 : mc ower was a de—

<1883 | 7 | 1933 | 1958 | 1983 { 2008
sl 2 leoss| 2 |e992| 2 ?

o&irgfg\}tg{mftgar k ’ 54. A controversial 1992 Danish study’ reported that men’s
i average sperm.count has decreased from 113 million per
o 2005 e e ~ milliliter in 1940 to 66 million per milliliter in 1990.
:ég 2007/ 2009 o " (a) Express the average sperm count, S, as a linear func-
30 L tion of the number of years, t, since 1940.
—40 (b): A'man’s fertility is ‘affected if-his sperm count drops
=50 L ~below about 20 million per:milliliter. If the linear

o model found in part (a) is accurate, in what year wilt

Flgure 1 15 the average male sperm count fall below this level?

52, Solar panels are arrays of photovoltalc cells that convert 55
- solar radiation into electricity.- The:table shows the ‘an-
nual percent change 1n the UsS prlce per watt of a SOldI’

The ta ”e gwes the averace Wewht w, in pounds of
Amencan men in the1r 51xt1es for helght h, in inches. '

panel 7 ’ '(a) Howido you know that the data in tlns table could
> TR DI FEES I SR T B ‘represent a linear function?
Year - 1 2004 | 2005 | 2006}, 2007 | 2008 (b) Find. weight, w, as a linear function of hexght h.

What is'thé slope of the line? tht are the units for
*the slope?”

% growth over previous.yr | —5.7: 6.7 1 9.7 =371 3.6

Shup/wwwieia.doe.gov/aer/renew. html; :Accessed February, 2011

(’Yedrly values have, been joined with segments o hlghhght trends in the data, howeve[ values in between years should
not be inferred ﬁom the segments From http /www. eia.doe. gov/aer/tencw html. Accessed Februar y 2011.

TWe use the official price per peak watt, which uses the maximum number of watts a solar panel cdn ptoduu, under ideal
conditions. From http:/ Ihwww.e gov/aer/renew himl. Accessed Fcbrudly 2011,

8ywww.dece.gov.uk, accessed Jine 2011.

9“Investigating the Next Silenc:Spring,” US News and Wmld Report,pp. 5052 (March 11, .1996). .

10 Adapted from “Average chgh( of Americans by Helg,ht dlld Age > The World Almanac (New Jersey Funk and Wagnalls,
1992), p. 956.




(c) Find height, h, as a linear function of weight, w.
What is the slope of the line? What are the units for
the slope?

h (inches) | 68 | 69 70| 73] 721 7131714175

171 | 176 | 181 | 186 { 191 | 196 | 201

w (pounds) | 166

56. An airplane uses a fixed amount of fuel for takeoff, a (dif-
ferent) fixed amount for landing, and a third fixed amount
per mile when it is in the air. How does the total quantity
of fuel required depend on the length of the trip? Write
a formula for the function involved. Explain the meaning
of the constants in your formula.

57. The cost of planting seed is usually a function of the
number of acres sown. The cost of the equipment is a
fixed cost because it must be paid regardless of the num-

ber of acres planted. The costs of supplies and labor vary

with the number of acres planted and are called variable
costs Suppose the ﬁxed sts are § 000 and the van—

(b) Graph C against z.
(¢) Which feature iof :ftheg grap!

581

59, (a) Con31der the functrons graphed 'k
Find the coordinates of C.
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(b) Consider the functions in Figure 1.16(b). Find the
coordinates of C' in terms of b.

Figure 1.16

60. When Galileo was formulating the laws of motion, he
considered the motion of a body starting from rest and
falling under gravity. He originally thought that the ve-
Tocity of such a falling body was proportional to the dis-
tance it had fallen. What do the experimental data in Ta-.
ble 1.6 tell you about Galileo’s hypothesis? What alter-
native hypothesis is suggested by the two sets of data in
Table 1.6 and Table 1.77

- 'Ta’bleyl 6

. Dismnce( [0f1] 2 | 3 |4
- Velocity (fysecy | 01 8| 11.3°] 13.9 | 16

- Table 1.7

CTimeeey j ol rb2 3] 4
“Velocity (fsed) {032 )64 96 | 128

61. Values of y on the graph of y = 0. 5z — 3 increase more

slowlythan values of y-onthe: graph of y=0:5=3z,

62.. The equation -y = 2z:+ 1 indicates; that. y.ls drrectly Pro-.;

portronal toz wrth a constant o

‘In Problems 63—64, 'grvean example-of: e

63. A linear function with a posmve slope and a negatlve -
intercept. : A b

. 64, A-formula 1epresenhng the statement “g-is inversely pro-

_portional to the cube root of P and has a positive constant

of proportlonahty

Are the statements in Problems 65-08 true or false" lee an
- explanation for your answer.. , ol

65 pFor any two pomts in the plane there is,a linear function

whose glaph passes through them

Iy = f(z)isa linear functxon then increasing = by 1
unit changes the correspondrng Y by m umts where m is
the slope e

67. If y isa lmear functron of z, then the ratio y/x is constant

~-for all points on the graph at which z # 0.
68. If y = f(x) is a linear function, then increasing a: by-2
;. units'adds m + 2 units to the corresponding y, where m
. 1s the slope.

69. Which of the following funct10ns has its domain identical
, Wlth 1ts 1ange‘7

@ f) =

. ’,] : ':I;: )
C (0 Iz) :,$:} () g(=) Vi

@ i(x) = |a]




12 Chapter One A LIBRARY OF FUNCTIONS

1.2 EXPONENTIALFUNCTIONS ,

Population Growth

The population of Burkina Faso, a sub-Saharan African country,! from 2003 to 2009 is given in
Table 1.8. To see how the population is growing, we look at the increase in population in the third
column. If the population had been growing linearly, all the numbers in the third column would be
the same.

Table 1.8 Population of Burkina Faso

(estimated), 20032009

Year Population Change in P (population in milions)
) (millions) population (millions) 60: 853(1.034)
AR
R ' , 0.457 L R S
2005 13.747 0478 201+
2006 14.225 E 0496 e 1/* ] . l o .
2007 .72t sz ~10 10 20 30 40 50 £ years sinco 2003 "
20,08 15.234 L 0523 : e Flgure1 17 Populaﬂon of Burkina Faso (estimated):
2009 15.757 DT RV S Exponentlal growth

Suppose we d1v1de each year s populatlon by the previous year’s population. For example
_Population in 2004 13.290 million" s
: Populatlon in 2003 12 853 million B

*“Population in 2005 13 747 mﬂhon

-+ . population in 2()04 13.290 million
The fact that both calculations give 1.034 shows the populatlon grew by about 3. 4% between 2003
and 2004 and between 2004 and 2005. Snmlar calculatxons for other years show that the popula-
tion grew by a fact01 owabout 1.034, or 3. 4%, every year. Wheneve1 we have a constant growth
factor (here 1. 034) we have exponential growth.. The populatlon ¢ years after 2003 is given by the
exponential function

.034

1.034.

P = 12.853(1.034)".

If we assume that the formula holds for 50 years, the population graph has the shape shown in
Figure 1.17. Since the populatlon is growing faster and faste1 as time goes on, the graph is bending
s ’ S upwa1d ‘we say lt is'c ‘Even exponent1al functions which climb slowly at first, such as
' ' th1s one, eventually chmb extremely qu1ck1y ,

To recogmze that a ta ¢ and’ P values lcomes from an exponentlal functlon ook for -
lauos of P Values that are constant for equally spaced tvalues:

Concavity

We have used the term concave iip'? to describe the graph in Figure 1.17. In words:

our possible shapes.) A line is

1 dataworldbank.org, accessed January 12, 2011.
12In Chapter 2 we consider concavity in more depth.
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Concave
down
Concave
up

Figure 1.18: Concavity of a graph

Elimination of a Drug from the Body
Now we look at a quantity which is decreasing exponentlally instead of increasing. When a patient is
given medication, the drug enters the bloodstream. As the drug passes through the liver and kidneys,

it is metabolized and eliminated at a rate that depends on the particular drug. For the antibiotic -

ampicillin, approximately 40% of the drug is eliminated every hour. A typical dose of ampicillin
s 250 mg. Suppose ) = f (t) where @ is the quantxty of ampicillin, in mg, in the bloodstream at
time ¢ hours since the ‘drug was given. At t = 0, we have Q = 250. Since every hour the amount
remaining is 60% of the previous amount, we have

f(0) =250 ‘
F(1) =250(0.6)
£(2) = (250(0.6))(0.6) = 250(0.6)?,
and after ¢ hours, R
Q= f(t) =250(0.6)",..c ., .
This is an exponential decay ﬁmctwn Some values of the functlon are in Table 1.9; its graph is in

Figure 1.19. '
- Notice the way in wh1ch the functl'

drug in the body to be removed Compare this't6'the exponentlal growth in F1gore 1.17, where each
step upward is larger than the previous one. Not1ce, however, that both graphs are concave up.

Table 1.9 Drug Qg
elimination o501 ;

¢ (hours) | 1Q (mg) 200(

0 250 1150
150 100
90 50 F .
o S

JOT B W N e

The General Exponential Function
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Provided a > 0, the largest possible domain for the exponential function is all real numbers. The
reason we do not want a < 0 is that, for example, we cannot define a*/2 if a < 0. Also, we do not
usually have a = 1, since P = Py1? = P, is then a constant function.

The value of a is closely related to the percent growth (or decay) rate. For example, if a = 1.03,
then P is growing at 3%; if a = 0.94, then P is decaying at 6%.

Example 1 Suppose that @ = f(t) is an exponential function of £. If f(20) = 88.2and f(23) = 91.4:
(a) Find the base. (b) Find the growth rate. , (6) Evaluate f(25).

Solution (a) Let "
Q = Qoa’.

Substltutmg t=20,Q = 88 2andt =23, =914 glves two equatlons for Qo and a:
88.2 = Qoa®® and 914 = Qoa®

Dividing the two equations enables us to eliminate Qo:

914  Qoa®® 4

88.2  Qua?®

. 1/3
914
= 1.012.
( - 2) 012
(b) Slnce a= 1.012 the growth rate is 0 012 —,1 2% o )
(©) We Wan [ 012)25 F1rst we find QO from the equation

Solving for the base, a, gives

R 882—Q0(1012)
Solving gives Qo = 69.5. Thus,

"Ef(25) =69.5(1.012)%° = 93.6.

Half-Life and Doubhng Tlme

Rachoactlve substances :such: as uramum, decay exponentially. A certain percentage of the mass
dlsmtegrates in a given unit of tlme the time it takes for half the mass to decay is called the half lzfe
of the substance; : : ‘

"~ A well- known radioactive substance is carbon-14, which is used to.date orgdmc b_] ts.
a piece of wood or bone was part of a living organism, it accumulated small am

carbon-14. Once the organism dies, it no longer picks up carbon-14. Using the half l1fe of carbon 14
(about 5730 years), we can estimate the age of the object. We use the following ’deﬁnmons.
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The Family of Exponential Functions

The formula P = Pya® gives a family of exponential functions w1th positive parameters Py (the
initial quantity) and o (the base, or growth/decay factor). The base tells us whether the function is
increasing (@ > 1) or decreasing (0 < a < 1). Since ¢ is the factor by which P changes when
¢ is increased by 1, large values of a mean fast growth; values of a near 0 mean fast decay. (See
Figures 1.20 and 1.21.) All members of the family P = Pya® are concave up.

P
40 r 10t

/

[
P
[
i
i
{

5t 3t 2t

20 F (L)

10

H L L i 13 L

1 t LT
1 2 3 4 5 6.7 - P T

Figure 1.20: Exponential growth: P = a', fora > 1 “Figure 1.21: Exponential decay: P = o, for0 <a < 1

Example2 -

Soluion

Exponentlal Functions. wnh Base.e. .

Figure 1.22 is the graph of three exponential functlons What can you say about the values of the
six constants a, b  Cs d,p,q? -

y 1ntercepts We see. that a=.c because these
graphs intersect on the y- ax1s In addltlon a=c < p, smce y P - q crosses the Y- aXlS above the
other two.

Sincey = a- b“" is decreasmg, we have 0 < b < 1. The other functions are mcreasmg, sol < d
and 1 < q g e ~

The most freq
This base is used so often
‘glance, this is all's

a exponenﬂal'fpnctmn is the famous number e = 2.71828.
t'you wxll} ﬁnd an e*'b ton-on most scientific calculators. At ﬁ!:st
i ient to use the base 2.71828 ... The full

answer to that question must wait until Chapter’3, where we show that many'calculus formulas come
out neatly when e is:used as:the base. We often use the following result:...
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Any exponential growth func\ﬁon can be written, for some a > 1 and k > 0, in the form
P = Pyat or P = Pye™
and any exponential decay function can be written, for some 0 < a < 1 and —k < 0, as
Q=Qoa" or Q=Qoe™,
where Py and ()¢ are the initial quantities.

We say that P and @) are growing or decaying at a continuous'® rate of k. (For exam-
ple, k = 0.02 corresponds to a continuous rate of 2%.)

Example 3 Convert the functions P = €%-5" and @ = 5¢~%-# into the form y = yoa’. Use the results to explain
the shape of the graphs in Figures 1.23 and 1.24. ‘
P . N . Q : i #
5
30
4
20 3
2
10 )
- 1 ;
1 t 1 1 - ‘c 1 1 t
2 4 6 8 10
Figure 1.23: An exponential growth function / Figure 1.24: An exponential decay function
Solution We have S ’
P:eOSt — (60.5)t — (165)t
Thus, P is an exponential growth function with Py = 1 and a = 1.65. The function is increasing
and its graph is concave up, similar to those in Figure 1.20. Also,
Q =560 = 5(e7%?)" = 5(0.819)%,
80 @) is an exponentlal decay function with Qg = 5 and @ = 0 819 The funcuon is decreasmg and
its graph is concave: up, s1m11ar to’ hose imFigure 1.21. 7 ‘
Example 4 The quantity, ¢}, of a drug in a patient’s body at time ¢ is represented for posmve constants S and
k by the function Q = S(1 = e™**). For t > 0, descrlbe how (2 changes with time. What does S
represent? : o
Solution

The graph of () is shown in Figure 1 25. Initially none of the dmg is'present, but the quantity
increases with time. Since the g
This is. Ieahstlc becausc as th

own, the. quantlty mcxeases at a decreasing rate.
in. the‘ body 1ncreases so does the rate at which

13The reason that'k is called the ‘co‘nfwuaus ftate'is eéxplored in detall in Chaptcr DLivedes vilis
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Saturation level

S S A U

1 L 1

Exercises and Problems for Section 1.2

Exercises

t (time in hours)

Figure 1.25: Buildup of the quantity of a drug in body

In Exerases 1-4, decide whether the graph is concave up, con-
cave down, or neither.

2.

us 1 Bxercises 5-8 represent exponential growth
What s the initial quantity? What is the growth rate?
growth rate is continuous.

6. P =17.7(0.92)
8. P =15 006

flifictions in‘Exercises 912 in the form P = Pyal.
resent exponential growth and which represent ex-
decay?

10. P.=2¢705¢
12. P= Te ™
IC1Ses 13_14’ let f(t) — Qoat = Qo(1 + T)t‘
ind the base, g.

ihd'the Percentage growth rate, 7.

(5): = 75.94 and #(7) = 170.86
02) = 25.02 and £(0.05) = 25.06
own hag a population of 1000 people at time £ = 0.

cf
€1 of the following cases, write a formula for the

) lauoﬂ P, of the town as a function of year t.
)T .

1) 'I‘}:e Population increases by 50 people a year.
¢ Population increases by 5% a year.

16. An air-freshener starts with 30 grams and evaporates. In
each of the following cases, write a formula for the quan-
tity, @ grams, of air-freshener remaining ¢ days after the
start and sketch a graph of the function. The decrease is:

(@ 2 grams a day (b) 12% a day

17. For which parrs of consecutlve pomts in Figure 1.26 is
the function graphed

(a) Increasing and concave up‘7
(b) Increasing and concave down?:.
(¢) Decreasing and concave {up? ,
(d) Decreasing and concave down?

18. The rable grveé the ‘éverage téfﬁpéfatufe in Wallingford,
Connecticut, for the firs| (),,d,ays in March:.

(a) Over which intervals was the' average temperature
mcreasmg" Decreasmg"

(b)”Fmd a pair of! consecutlve mtervals ‘over which the
average temperatiire was incréasing at a decreasing
rate. Find another paxr of consecutive intervals over
Wthh the average temperature was 1ncreasmg at'an
mcreasmg rate ‘

Day | 1 | 2 3.1 4 501 6 7 g | 9

10

o | 420 | 420 340 250 | 290 34° [ 38° | 40° [ 49°

49°
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Problems

!

19. (a) Which (if any) of the functions in the following table
could be linear? Find formulas for those functions.
(b) Which (if any) of these functions could be exponen-
tial? Find formulas for those functions.

z | f(e) | 9(=) | A=)
-2 12 | 16 | 37
~1| 17 | 24 | 34

0] 20 | 36 | 31
21 | 54 | 28
21 18 | 81 | 25

In Problems 20—21 ﬁnd all the tables that have the given char-
. acteristic. .

'&A) 2] 0 [40 | 80| 160
iyl 222222 | 22
(B) _,8 ”'4 0 8
y .51 |.62.| 73|95
©) z 247148 4 6
Y180 45 ] 2.8
©) 213 5.1 6
toy 18945225

20. y could bea lmear functron of z..
21. ycould be an exponentral functron of .

22. In 2010, the'world’s population reached 6.91 billion and
was increasing at a rate of 1.1% per year. Assume that
this growth rate remains constant. (In fact, the growth rate
has decreased smce 1987 )

(a) Write a. formula for the world populduon (in bil-
hons) as a functron of the number ot years smce
(b) Estlmate the - populatron of ‘the world in ‘the year
202020, PRI .
. () Sketch world populatron asa functlon of years-since
¢+, 2010. Use the: graph to.estimate the doubling time of
ithe; populanon of. the world.

23 (). Apopulatlo s grows ata contmuous rate of 2%
" ayearand starts at 1 million. Wutc Pi in the form
P = Pye*t, with Py, & constants.
() Plot lhe populatron in par“c (@) dgdmst time.

24. A cel“tam 1eg10n has a populatron of 10,000, 000; and an
 annual growth rate of 2%. Estimate the doubling time by
guessing and checking.

25.

26.

27.

28.

29.

A photocopy machine can reduce copies to 80% of their
original size. By copying an already reduced copy, fur-
ther reductions can be made.

(a) If a page is reduced to 80%, what percent enlarge-
ment is needed to return it to its original size?

(b) Estimate the number of times in succession that a
page must be copied to make the final copy less than
15% of the size of the original.

When a new product is advertised, more and more people
try it. Howeyver, the rate at whrch new people try it slows
as'time goes on. '

(a) Graph the total number of people who have trred
such a product agamst trme ‘
(b) What do you know about the concavrty of the graph"

Sketch reasonable graphs for the followmg Pay partlcu—
lar attention to the concavity of the graphs.

(a) The total revenue generated by a car rental business,
plotted against the amount spent on advertising.

(b) The temperature of a cup of hot coffee standing in a
room, plotted as a function of time.

Each of the functions g, h, k in Table. 1.10 is increasing,
but each increases in a different way. Which of the graphs
in Figure 1.27 best fits each function?

Table 110"
t | g(®) | ) | k(@)

Figure127 =

3 | |28
4 {7205 gyl 3yt
5| 33 a4 | 34
6| 38 | s0 |37

Each of the functions in Table 1.11 decieases, but each
decreasés in‘a differeént way. Which of the graphs in Fig-
ure 1.28 best fits: each function? TSI :

(@) \(b)

(©

Flgure128 S




30.

One of the main contaminants of a nuclear accident, such -

as that at Chermobyl, is strontium-90, which decays ex-
ponentially at a continuous rate of approximately 2.47%
per year. After the Chernobyl disaster, it was suggested
that it would be about 100 years before the region would
again be safe for human habitation. What percent of the
original strontium-90 would still remain then?

Give a possible formula for the functions in Problems 31-34.

31

33.

35,

RIS TR

36.

y 32. . Y
(2,12)

Table 1.12 shows some values of a linear fuhction fand

an-exponential function g. Find exact values (not decimal
_approximations) for each of the missing entries.

Table 1,12

vz jofilalsl4
Fxylwof2f201]°
@y o]0l )y

Miaitch the functions h(s), f(s), and g(s), whose values
are in Table 1.13, with the formulas ‘

Cy=a(ll), y=b(105)°, y=c(103),

" assuming a, b, and ¢ are constants. Note that the function

37

values have been rounded-to two dec1ma1 places ;

Table113

s [[s 1@ s | o)
21 1.06 || 1] 220} 3]347
3109l 2242 4l365
af113 3266l s5]s383
511642936402
6119|5321 742

(a) Estimate gr aphlcally the doublmg ume of lhe expo—
nentially growing populauon shown in F1gule 1.29.
Chieck ‘that ‘the doubling time'is mdcpendent of
where you start on the graph. : i

(b) Show algebraically that if P = Psa’ doubles be- .
tween time ¢ and time t + d, then d is the same num-

. ber for anyt

T €T

38. A deposit of Py into a:bank.account has a doubling time -
-of 50 years. No other.deposits or withdrawals are made.

39.
;Abody

" e it of siontum-9
‘ ) ple s bones in 2010‘7 [Hi

42
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population
80,000 }— : )

60,000 |— ‘

40,000

20,000

L]

L

time (years)
123456789 :

Figure 1.29

(a) Howmhch money is in the bank account after 50
years? 100 years‘7 150 years" (Your answer wxll in-
volve Fy)) - :

“(b) How many times does the amount of money double

in t-years? Use this-to write a formula for P, the
amount of money in'the account after t years.

(a). How long does it: take for the quannty of aspmn

in the patient’s body to be reduced.to-162.5 mg?

To 81.25 mg? To 40.625 mg? (Nofe. that 162.5. =
,_325/ 2, efc. Your : answers wﬂl 1nvolve H. )

1f1 the body halve in ¢ hour57 Use thlS to glve a for-
mula for A after t hours.

> ‘tlal quantxty of radlum 1s: Qo, explam why the quan—
t1ty, Q of radium left after t years is given by

nucléar weapons
) ‘at’the time. If

29 years what fraction
of the strontium:90 absorbed‘.bm 1960 remained in peo-
e functlon in the form

Alrcratt require: longer lakeoff dxstances called takeoff
“rolls, ‘st high' altitude airpoits because of ‘diminished air

dens1ty The table shows how.the takeoff roll for a certain

“light airplane depends on the airport elevatxon (Takeoff

_rolls are also strongly influenced by air- temperatme the

- dafa shown lassumie a temperature '0f:0% C

C.) Determine a
formula for this particular aircraft that gives the takeoff

-roll as an exponential function of airport elevation.

I:levatlon (ft)

3000

Fakeoff ro]l (ft)

1000
a4,

2000

Sca level
' 805

670“""

4000
967

882




20 Chapter One A LIBRARY OF FUNCTIONS

Problems 43—44 concern biodiesel, a fuel derived from renew-
able resources such as food crops, algae, and animal oils. The
table shows the percent growth over the previous year in US
biodiesel consumption.™

Year 2003 | 2004 | 2005 | 2006 | 2007 | 2008 | 2009

% growth | ~12.5 | 92.9 | 237 | 186.6 | 37.2 | —11.7 7.3

43, (a) According to the US Department of Energy, the US
consumed 91 million gallons of biodiesel in 2005.
Approximately how much biodiesel (in millions of
gallons) did the US consume in 20067 In 2007?

(b) Graph the points showing the annual US consump-
tion of biodiesel, in millions of gallons of biodiesel,
for the years 2005 to 2009. Label the scales on the
‘horlzontal and vertical axes.

44. (a) True or false: The annual US consumption of
.biodiesel. grew exponentially from 2003 to 2005.
Justify your answer without doing any calculations.
(b)According to this data, during what single year(s),
if any, did the US consumption of biodiesel at least
‘double?
(¢) According to this data, during what single year(s),
if any, dxd the US consumpuon of biodiesel at least
: < triple?
45. Hydroelectrlc power is electric power generated by the
kforce of movmg ‘water. The table shows the annual per-
" cent’ change in hydroelectnc powe1 consumptxon by the
tus 1ndustr1a1 sector,??

(c) According to this data, when did the largest yearly
decrease, in trllhon BTUs, in the US consumption of
hydroelectric power occur? What was this decrease?

Problems 46-47 concern wind power, which has been used for
centuries to propel ships and mill grain. Modern wind power
is obtained from windmills which convert wind energy into
electricity. Figure 1.30 shows the anxual percent growth in
US wind power consumption'® between 2005 and 2009.

percent growth
over previous year
60
40 AN
N\

20 '

- : : year
2007 2009

Figure 1.30

46. (a) According to the US Department of Energy, the US
“’consumption of wind power was 341 trillion BTUs
in 2007 How much' wmd power dld the US consume

in 20067 1020087+ e RS

(b) Graph the points showmg the annual US consump-

tion of wind power, in tr1ll1on BTUs, for the years

Year . 2005 2006 | 2007 | 2008 | 2009

2005to 2009 Labelfthe scales on the horlzontal and
vertical axes. : =

\:%,growthn,gver:prevlous‘yr.,_ 191 ~10] -454] 51 | 11

(a) Accordlng to the US Department of Energy, the US

industrial sector consumed about 29 trillion BTUs

-of hydroelectrlc power in 2006. Approximately how

o much’ hydroelectnc power (in trillion BTUs) did the
US consume in 20077 In 20057

“(b) ¢ kraph ‘the points showing the annual US consump-

“ tion :f‘hydroelecmc power, in trillion BTUs, for the

5years 2004 t02009. Label the scales on the horlzon—

talr and vertlcal axes.

Strengthen oukr:‘Un‘dér‘sté'nding

(¢) Basedon thls data ,Am wha d1d the largest yearly
increase, in trillion’ BTUs in the US consumption of
wind power: occur? Wh was ,tlus mcrease‘7, ;

47. (a) Accordmg to Flgure 130 durmg What smglc
T year(s), if -any,’ “did ‘the “US consumpuon of wind
. bowerenergy | increase by at least 40%? Decrease by

(b) Did the US‘ consumptlon of wind kpower energy dou-
ble from 2006 to 2008? -

In Problems48«49 explain what is wrong with the slﬁfement.

48 The fun ion 4'g = e ~025w g decreasing and i'ts.gr'aph is

conc e dc ;
49 The funcuon 4= 2mis increasing, and-its graph is con-
caveup: i .

14hltp //www eia.doe. gov/aemenew hlml Accessed Februmy ZOll :
15Prom hltp /Iwww.cia.doe.gov/aer/rencw. html. Accessed February 2011

In Problems 50- 52 g1ve ai examp of::

tement q decreases at a
2whent=0."

50. A foxmula repres i1
constant petcent rate, ‘and q

51. A function thatis mmeasmg at a constant percent rate and
that has the same ve ;— 0.3z + 2.

52 A functlon w1th a honLomal asymptote. at 1/ = —5 and
Idngcq/—n) Lt e b ,

16¥early values have been joined with segments (o highlight trends in the data. Actual values in between years should not
be inferred from the segments. From http://www.eia.doe.gov/aes/renew.himl. Accessed February 2011,
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Are the statements in Problems 53-59 true or false? Give an- 56. If y = Ab® and increasing x by | increases y by a factor
explanation for your answer. of 3, then increasing = by 2 increases y by a factor of 9.

53. The function y = 2 + 3e™* has a y-intercept of y = 3. . _
. _ag . 57. An exponential function can be decreasing.
54. The function y = & — 3e™ ™" has a horizontal asymptote

ofy = 5. 58. If @ and b are positive constants, b # 1, then y = a+ab”

55, Ify = f(z) is an exponential function and if increasing has a horizontal asymptote.

« by 1 increases y by a factor of 5, then increasing z by ~ 59. The function y = 20/(1 + 2¢FY with k > 0, has a
2 increases y by a factor of 10. horizontal asymptote at y = 20.

1.3 NEW FUNCTIONS FROM OLD

Shifts and Stretches

The graph of a constant multiple of a given functlon is-easy to V1suahze each y- value is stretched
or shrunk by that multiple. For example, consider the function f(z) and its multiples y = 3f(z)
and y = —2f(z). Their graphs are shown in Figure 1.31. The factor 3 in the function y = 3f(z)
stretches each f(a) value by multiplying it by 3; the factor —2 in the function y = = =2 f (x) strétches

f(z) by multiplying by 2 and reflects 1t about the z- ax1s You can thmk of the multlples of a given
funcuon as a family of functions. . -

‘y
3 —_
T y=-2f(z)
TTTUS UVEAS
~ // ~ R
\\ // \\ z
< “--= Y= f(2)
y = 3f(”6)

Flgure1 31 ;Multlples of the functxon Sz

Itis also easy to-create families of functxons by shifting graphs For example y—4 = z%is the
‘sameasy = 22 + 4, which is the graph-of y = 2% shifted up by 4 Sumlarly, y = (93 - 2)2 is'the
graph of y. =2 shifted right by 2.-(See Figure 1:32, ) ;

. Mult1plymg afunction by a constant ¢, stretches the graph vertically: (if ¢ > 1) or shrinks
BT ‘titheé graph vertically (if 0 < e < 1)U A negatlve 31gn (1f c < O) reﬂects the graph about the
"~ gz-aXis, in addition to shrinking or stretching. S L

. Replacmg y by (y — k) moves a.graph up by k (down if k is negauve)

..e. Replacing = by (z — h) moves a graph to:the right by h (to the left if, his negative).

Composnte Functlons

If oil is spilled from a tanker, the area of the oil slick grows w1th tlme Suppose that the 0115shck is
o always a pclfect circle. Then the area, A, of the oil slick is:a fUllCthIl of its radius;

B A=f0 =,

. The radlus 18 also a function of time, because the radius i increases as .more oil:spills. lhus the area,
‘being a function of the radius, is also a functlon of time. If, f01 example the radius is given by
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then the area is given as a function of time by substitution: )
A=mrt=n(l+1t)%
We are thinking of A as a composite function or a “function of a function,” which is written
A= fg()) = n(g(t)* = (1 +1)*.
S )

Composite function;

[ is outside function,

g is inside function
To calculate A using the formula m(1 + ¢)2, the first step is to find 1 4 ¢, and the second step is to
square and multiply by 7. The first step corresponds to the inside function g(t) = 1+ 1, and the
second step corresponds to the outside function f(r) = 772,

If f(z) = 22 and g(x) = = — 2, find each of the following:

@ JeE) ® aE) @ f(g(w)) @ g

©) Since f(3) = 9. we have g/ 3)) = 9(0) = 7 Notice that f(g(3)) #g(f( >>"

(@ 9(F(a) = 9(a?) — &% — 2. Again, notice that f(g(w) # g(f(w))
Notice that the horizontal shift in Flgure 1.32 can be thought of asa composmon f (g( )) = (z—2)%

Express each of the following functions as a composition:

Example 1

SolLtti_on () Since g(3) = 1, we have f(g(3)) = f(1) =
© flg(z) = flz —2) =(z~2)%.

Example2

Solution. ¢

Odd and Even Functions: Symmetry

(@ h)=(01 +‘t3)27 (b) k(y) ’:v:v'e"‘yz (c) ( )'f'_(ey) .

In each case think about how you would calculate a value of the functién’ The first stage of the

“calculation gives you the inside funetlon and the second stage gwes you the outslde function.
() For (1 +¢3)?7, the first stage is cubmg and addmg 1,50 n inside function is g(t) = 1+¢° The

7" power, so ari outside function is f(y) —~fy27 “Then

Slg) =10 +8%) =

In fact there are lots of dlfferent answers: g(t) = t3 and< f (
(b) To calculate e=¥" we squarey, takeits negatwe and. then take e tothat power. Soif g(y) = —y
and f(z )—ez then we have. i

second stage is taking the 2

= (14 y)27 is another possibility.
2

f (g(y))

f{!(C) To calculate »(éy) we ﬁnd ey square it, and take the negatlv Usmg the same definitions of

f and g as in part (b), the composition is .

P ——
Since parts (b) and (c) give différént answers, we' see the order i whlch funcnons are composed
i$ important., ~

There is a certain symmetry apparentii the gxaphs of f ( ) =2 andg z)= a¥in F1gu1e 1.33. For

- each point (z, 2?) on the graph of f,.the point (—w, 2:%) is also on the graph; for each point (z, z%)
on the graph of g, the point (—x, -z>) is also on the graph. The graph of f(z) = z? is symmetric
about the y-axis, whereas:the graph of g(z) = 2% is symmetric about the origin.'The graph of any
polynomial involving-only even powers-of:z has: symmetry:about the .y-axis, while polynomials
with only odd powers of z are symmetuc about the origin. Consequently, any functions with these
symmetry properties are called even dnd ()dd lespectlvely '
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Even
- : Odd =
function funcion 19 (z)==

For any funcuon f ; R
f is-an even functlon if f —1

2., . .
For example, g(z) = e* is even and h(z) = x/3 is odd. However, many functions do not
have any symmetry and are neither even nor odd.

L

Inverse Functions B

On August 26, 2005, the ranner Kenemsa Bekele!” of Etthpla walt:vorld record for the 10,000-
meter race. His times, in seconds, at 2000- meter intervals are recorded in Table 1.14, where t = f(d)
is the number of seconds Bekele took to complete the‘ﬁrst d meters of the race. For example, Bekele

backward in this way from numbers of seconds to:number's o meters gives f L the inverse func—
tion'® of f. We write f71(629.98) ='4000. Thus,f =%(t).is the: number-of meters that Bekele ran
1 i :

~_ during the first ¢ seconds of his ee T ‘wh ;”1

" 'The independent vanable for f'is the dependent variable f versa. The domains
and ranges of f and f~! are also- mterchanged The-domain-of ‘f-is-all-distances d such that 0 <
_d < 10000, which is.the range: off 1 The range off is all times ¢, such that 0 < ¢ < 1577.53,

" “which is the domain of f~1,

Table 114 Bekele’s running ttme

d (meters) = f(d) (séconds) - ixiivis i« t{seconds) 21 di= f71{t) (meters)
0 0000 wi«o.oou o
2000 315.63 - 31563 2000
4000 62098 Tl 62908 4000
6000 944.66 . 54466 6000
8000 . 1264.63 16463 | 8000
10000 1577.53 Csmss | 10000

- Which Functlons Have lnverses"ﬁ

If a function has an inverse, we say it is znvemble Let s look ata functlon whlch is not invertible.
Consider the flight of the Mercury spacecraft Freedom 7, which carried Alan Shepard, Jr. into space

kenenisabekelle.cony/, acéessed Jamiary 11,2011

18The notation f ~* represéii(s‘the inverse:function, wlnch 1 ot the saime ‘as the 1cmproca1 1 I
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in May 1961. Shepard was the first American to journey into space. After launch, his spacecraft rose
to an altitude of 116 miles, and then came down into the sea. The function f(t) giving the altitude
in miles ¢ minutes after lift-off does not have an inverse. To see why not, try to decide on a value for
f£71(100), which should be the time when the altitude of the spacecraft was 100 miles. However,
there are two such times, one when the spacecraft was ascending and one when it was descending.
(See Figure 1.34.)

The reason the altitude function does not have an inverse is that the altitude has the same value
for two different times. The reason the Bekele time function did have an inverse is that each running
time, ¢, corresponds to a unique distance, d.

d (miles) y = f(z)
116 | y Inverse function
100
f(z)
Original
" function
t (min) - - N & -
t1 io . T fml(y) G ‘ |
s »Fiygure 1.34: Two times, ¢t and ¢9, at . Figure 1.35: A function which has an i
. tw‘hkieh altitude of svpacecraft is 100 miles o ’ inverse,: k
Flgure 1 35 suggests when an inverse ex15ts The 011g1na1 functton f takes us from an z-value 3

to a y-value, as shown in qure 1.35. Since havmg an inverse means there is a function going from
lue to an z-value, the crucial question is whether we can get back her werds does each
s ue correspond to, a unique z-value? If so, there s an mverse 1f not there 1sinot This principle .
' , may be stated geometrlcally, as follows:

~ Afunc on has an inverse if (and only if) its graph intersects any horizontal Tine at most once.

For example, the function f(z) = 22 does not have an inverse because many horizontal lines
intersect the parabola twice. , A §

‘Definition of an Inverse Function

1If the function f is invertible, its inverse is defined as follows:

: "Formulas for Inverse Functlons

If a function is defined by a formula, it is sometimes possible to find a formula for the inverse
function. In Section 1.1, we looked at the snow tree cricket, whose chirp rate, C, in chirps per
mmute is app10x1mated at the temperature, T, in deglees Fahrenheit, by the formula

C = f(T )’—4T—160

|

l IS

f So fax we have used this formula to predict the chirp rate from the temperature. But itis also posmb]e | |
% " to use this formula backward to calculate the temperature from the chirp rate. .+
|
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Example3

Solution

Find the formula for the function giving temperature in terms of the number of cricket chirps per
minute; that is, find the inverse function f ~1 such that

T = f1(C).

Since C is an increasing function, f is invertible. We know C = 4T — 160. We solve for T, giving

C
T = T + 40,
SO C
f‘l(C’) = Z +40

Graphs of lnverse;Functions

The function f(z) = z® is increasing everywhere and so has an inverse. To find the inverse, we
solve ' o

y = 2 ,

for z, giving L
x=y'/3.
The inverse function is - ,
s ) =y
- or,:if we want to call the independent.variable z,

oy O I CTI g *l(m):é;l/S"

The graphs of y = z° and y = « / 8 are shown in Flgure 1. 36 Notice that these graphs are the

reflections of one another :about the liney = =. For example, (8, 2) is on the graph of y = z/3
because 2 = 8'/3, and (2, 8) is on the graph ofy = g3 because 8 = 23 “The points (8, 2) and (2, 8)
are reflections of one another about the line y = z:

In general, we have the following result.

If the z- and y-axes have the same scales the graph of f’ is the reflec-
tion of the graph of f about the line y = z.

Yy y = 8
8t
6 1
- . 474 ‘
y=gl/3
_22#4 L
} f t } — x
VR Mw22 4618
28
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Exercises and Problems for Section 1.3 -

Exercises

For the functions f in Exercises 1--3, graph:

(@) flz+2) ® f(z—1) (© f(z)—4
@ flz+1)+3() 3f(z) 0 —flz)+1
1. 4 f(z) 2. 4
3 3T /1@
2 2

In Exercises 4-7, use Figure 1.37 to graph the functions.
2
m(t)

P | ) f
A R
Figure 1,37
4o () = m(t) + 2 5. p(t) = m(t 1)
6. k(t) = m(t+ 1.5). R S
7. w(t) =m(t —0.5) — 2.5 o

For the functions f and g in Exercises 8-11, find
@ f(g(1)) (®) g(f(1)) © flg(=))
@ g(f(=) @ f(t)g(t)
8. f(z)=a?g(z)=2+1
9. f(x) = Va T4 g(x) = a*
10. f(z) = e g(z) = z°
11. f(z) =1/z,9(x) =3z + 4
12. For g{z) = 2* + 2z + 3, find and simplify:
(@ g(2+h) (b g(2)
© g(2+h)-9(2)
13. If f(x) = 2? + 1, find and simplify:
@ fE+1) b)) f(E+1) © f(2)
@ 2f() © (f®)*+1

2

Simplify the quantities in Exercises 1417 using m(z) = 2°.

14. m(z + 1) — m(z)
16. m(z) — m(z — h)

15. m(z + h) — m(z)
17. m(z+h)—m(z—h)

18. Let p be the price of an item and ¢ be the number of items
sold at that price, where ¢ = f(p). What do the following
quantities mean in terms of prices and quantities sold?

(@) f(25) ®) f71(30)

19. Let C = f(A) be the cost, in dollars, of building a store
of area A square feet. In terms of cost and square feet,
what do the following quantities represent?

(@) f(10,000) (b) f7(20,000)

20. Let f(z) be the temperature (°F) when the column of
mercury in a pzﬁirtiﬁcqlg{r,t:hermome‘tcp 4s z inches long.
What is the meaning of f~*(75) in practical terms?

21. (a) Write an equation for a graph,dbtained by vertically
stretching the graph of y = %2 by a factor of 2, fol-
lowed by a vertical upward shift of I unit. Sketch it.

(b) What is the equation.if the order of the transfor-
mations (stretching ‘and shifting) in part (a) is inter-
changed? R

(c) Are the two graphs:the same? Explain the effect of
reversing the order of transformations.

“.: 22, Use Figure 1::38 Et‘c\)_igtaph\z ea‘chzbfé the: following. Label

any intercepts or asymptotes that can be determined.

b vy = 2f(2)
)y =4 - f(z)

(@ y=7f(z)+3
© y=flz+a

-Figure 1.38

For Exercises 23~24, decide if the function y = f(z) is in-
vertible.

23.




For Exercises 25-27, use a graph of the function to decide
whether or not it is‘invertible.
25. flz)=2"+3z+2 26. f(z) =2% 52410

27. f(z) =z’ +52+10

Problems
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Are the functions in Exercises 28-35 even, odd, or neither?

‘

28. flay=a%+2*+1 29, f(w):w3+a;2+z

30. f(z) =2~ 2*+3 31 f(z) = m3 +1
32. f(z) =2z 33 f2) = =1

34, f(z) ==z(z*-1) 35. fz) =¢€" —x

For Problems 36-39, determine functions f and g such that
h(z) = f(g(x)). [Note: There is more than one correct an-
swer. Do not choose f(z) = z or g(z) =z.]

36 hw) = (@+1? A h(z) = 2° +1

38. h(z) =Vz2+4 39. h(z)=e**

Find, posmble formulas for the graphs in Problems 40-41 us-
“ing shifts of z° or z

3

42. (a) Use Figure 1.39 to est1mate f l(2)
(b) Sketch a graph of f ~*on the same axes

Figure 1.39

43. Write a table of values for £, where [ is as given be-
low. The tdoma'\in of f is the integers from 1 to 7. State
the domain of. f 1.

x fad 2l tals el
f@y |3 —7lwlalms]2]

value or explam why it cannot beidone::

For Problems 44-47, decide if the function f is invertible.
44. f(d) is the total number of gallons of fuel an airplane has
used by the end of d minutes of a particular ﬂxght

45. f(t) is the number of customers in Macy’s departmeht
store at ¢ minutes past noon on December 18, 2008.

46. f(n) is the number of students in your calculus class
whose birthday is on, ’theint‘hjday of theyear. ... « .

47. f(w) is the cost of mailing a letter weighing w grarhs.

In Problems 48-51 the functions r =_f(t) and V g(r) give
the radius and the volume of a commermal hot air balloon be-

ing inflated for testing.:The variable ¢ isin. mmutes, riis in

feet, and V is in cubic feet. The inflation begins'at't = 0. In
each case, give a mathematical expre‘s,sklon: that_rep:rves:ents the

‘given statement.

48. The volume of the:balloon ¢iminutes after inflation be-
gan‘ [ERE - alaviiioniiog

49. The volume of the balloon if its radius werelt\:ﬁi‘ee as
big. :

50. The tlme that has elapsed when the rad1us of the balloon
is 30 feet. : EERE R

51. The time that has elapsed when thc Volum
is 10,000 cubic feet. Lo

In Problems :52-55; ‘use: Figure 1:40. to,estlmate the zfunction

100 e 100; i
7 v(w)
T R T o v s e s o oz
50 ' 50
Figure 1.40

52. u(v(10)) 53, u(v(40))

54. v(u(10)) 55. v(w(40))



28

56.

Chapter One A LIBRARY OF FUNCTIONS

Figure 1.41 shows f(t}, the number (in millions) of mo-
tor vehicles registered!® in the world in the year .

(a) Is f invertible? Explain.

(b) Whatis the meaning of f~'(400) in practical terms?
Evaluate f~*(400).

(c) Sketch the graph of f -1

(millions)
1000 :

800

600

400

200 ¢

65 70 75 '80 '85 '90 '95 '00

Figure 1.41

For Problems 57-62, use the graphs in Figtire 1.42.

57.
59
“6l.

63.

®)

e e - \. o
-3 RS
=UiFigure 14250
Estlmate f(g(l)) 58 Estlmate g(f(2))
Estlmate f(f(l)) 60 Graph f(g(m))
a6 Gan ().
Figure 1.43 is'a:graph‘of the function’ f(¢)..-Here £ (¢) is

the depth in meters below:the: Atlantic‘Ocean floor where
¢ million-year-old rock can be found,?

(a) Evaluate f (15) and say ‘what:it means in practical
terms. . a V

Is f mvertxble" Explain. .

Evaluate f~!(120), and say what it means in prac-
“tical terms.

Sketch a graph of f~1.

(c)
)

64.

65.

66.

67.

68.

Time (millions of years)
o 5 101520 25 30 35

T T T T T T T

20 1
40 r b
60 b
80
100 r
120 E
140 e

40

Depth
below
ocean
floor
(m)

Figure 1.43

A tree of height y meters has, on average, B branches,
where B = y — 1. Each branch has, on average, n leaves,
where n = 2B? — B. Find the average number of leaves
of a tree as a function of height.

A spherical balloon is growing with radius r = 3t +1,
in centimeters, for time ¢ in seconds. Find the volume of
the balloon at 3 seconds.

The cost of producing g articles is given by the function

C = f{q) = 100 + 2q.

(a) Find a formula for the inverse function.

(b) Explain in practical terms what the inverse function
1 tells you.

How does the graph of Q@ = S(1 — ¢ **) in Example 4

~on page. 16 relate to the graph of the exponential decay
function, y = Se

-kt?

Complete the following table with values for the func-
tions f, g, and h, given that:

(a) fisan even function.
(b) ¢ is an odd function. .
(c) his the composition A(z) = g(f(z)). .

z | fz) | g(z) | R(z)
-31 o 0
2] 2 | 2
-1] 2 2

of o 0

1

2

3

19www earth-policy.org, dcoesscd June 5, 2011. In 2000, about 30% of the registered vehicles were in the US.
~2Data of Dr. Murlene Clark based on core sdmples drilled by the Iesearch ship G lomar Challenger, taken from Initial

Repmts of Ihe Deep Sea Drtllmg Project.
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/

In Problems 69-71, explain what is wrong with the statement,

69. The graph of f(z) = —(x + 1)° is the graph of g(x) =
—2° shifted right by | unit.

70. f(z) = 3z+5and g(z) = —32—5 are inverse functions
of each other.

71. The inverse of f(z) = zis /™ (z) = 1/z.

In Problems 72-75, give an example of:

72. An invertible function whose graph contains the point
(0,3). .

73. Aneven function whose graph does not contain the point
(0,0).

74. An increasing function f(z) whose values are greater
than those of its inverse function f () for z > 0.

75. Two functions f(x) and g(z) such that moving the graph
'1mpossxble

of f to theileft 2 units gives the graph of .g and moving
the graph of f up 3-also gives the‘graph of g.

Are the statements in Problems 76-83 true or false? Give an

explanation for your answer.

the graph of g(a:) = 10””

1.4 LOGARITHMIC FUNCTIONS

77. .If f is an increasing function, then f™! is an increasing
function.

78. If a function is even, then it does not have an inverse.
79. If a function is odd, then it does not have an inverse.
. - .

80. The function f(z) = e™™ is decreasing for all z.

81. If g() is an even function then f(g(z)) is even for every
function f(x).

82. If f(z) is an even function then f(g(z)) is even for every
function g(x).

83. ‘EThere is a function which is both even and odd.

Suppose: f is an increasing function and g is a decreasing

, -+ function, In Problems 84-87, give an example for f and g

for Wthh the statement is true, or say why such an example is

.84, f(:L) + g(z) is decreasing for all z.

-85, f(.E) — g(z) is decreasing for all z.

df

76. The graph of f(x) = 100(10$) is"a’ horizontal shift ofj 86. f(@)g(w)is decreasing for all »
87. f(g(z)) is increasing for all z.

In Sectlon 1.2, we approxnnatcd the populatlon of Burkina Faso (in mllhons) by the function

) =12.853(1. 034)¢,

where t is the number of years since 2003 Now suppose that instead of calculating the population
at time ¢, we ask when the population will reach 20 million. We want to find the value of ¢ for which

20 = f( ') =12 803(1 034)%.
We use logarlthms to solve for a variable in an exponent

Logarlthms to Base 10 and to Base e

‘We_define the logarithm functlon log,y z, to be the inverse of the exponentlal function, 107,
follows '

The other frequently used base is e. The logarlthm to base eis. called the naruzal logarithm of
x, written In x a d deﬁned t« be:the inverse function of ¢ ,as fo]lows
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Values of log z are in Table 1.16. Because no power of 10 gives 0, log 0 is undefined. The graph
of y = log « is shown in Figure 1.44. The domain of y = log z is positive real numbers; the range is
all real numbers. In contrast, the inverse function y = 10® has domain all real numbers and range all
positive real numbers. The graph of y = log « has a vertical asymptote at z = 0, whereas y = 10°
has a horizontal asymptote at y = 0.

One big difference between y = 10® and y = logx is that the exponential function grows
extremely quickly whereas the log function grows extremely slowly. However, log x does go to
infinity, albeit slowly, as  increases. Since ¥ = logx and y = 10® are inverse functions, the graphs
of the two functions are reflections of one another about the line y = x, provided the scales along
the z- and y-axes are equal.

y = 107
Table 116 Values for log x and 10* 10+ # (1,10) //
T log z 10° 8- j~——— Exponential: grows quickly
0 undefined 0 1 6t // «
1 0 R 10 // Log: grows slowly
: : 4+ o .
2 0.3 2 | 100 B
3 0.5 3 | 10° ey (10 b
- (0,1)_-—7 /./'/’————0— y log T =
104 7 i ( }
4 0.6 4 10t o ’10
7,0 ; ‘
10 1 10 10" I ‘F‘igu'r,e 1;;44: Graphs of Ioga: and 10°

The graphof y = Inzx in Figure 1 45 has roughly the same shape as the glaph of y = Iog z. The
z-intercept is x = 1, since In 1 = 0.The graph of y = In 2 4lso. climbs very' slowly as 2 increases.
Both graphs, y = log z and y = In z, have vertical asymptotes atz = 0.

Y
y=Ing:
Lo

/1 h 10

Flgure 1.45: Graph of the natural:loganthm PR

The following properties of 1ogar1thms may be deduced from the propemes of exponents:

Properties of Logarithms

Note that log « and In z are not defined When z is negativé or 0.
1. log(AB) = log A +log B RIS P (AB) I A+InB
A .
2. log (]3) =log A —log B
3. log (AP) =P log ‘
4. log (10%) =2 |
5. 1008% = g N BEA L

In addition, log 1 = () because 10° = 1, andIn1 =0 becauqe e = 1.
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gxample 1
Solution
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’

Logs are frequently useful when we have to solve for unknown exponents, as in the next examples.

Find ¢ such that 2t = 7.

First, notice that we expect ¢ to be between 2 and 3 (because 22 = 4 and 2% = 8). To calculate ¢, we
take logs to base 10 of both sides. (Natural logs could also be used.)

log(2%) = log 7.
Then use the third property of logs, which says log(2") = tlog 2, and get:
tlog2 =logT7. ‘
Using a calculator to find the logs.gives
- log7
log 2

~ 2.81.

Example 2
Solution

‘ Wthh is betwcent = 13 and {= 14 Th1s value of t

Find when the population of Burkina Faso reaches 20 million by solvmg 20 =12. 853(1 034)*.

Dividing both sides of the equation by 12.853, we get
20
12.853

20
lo = log(1.034%).
o8 (12 853) 0g(1.0347)

Using the fact that log(A?) = tlog A we get

19 g( 20 >'—tlog(1 034).

= (1.034)%.

Now take logs of both sides:

12:853 /- ;
Solving this equation using a calculator to find the logs, we get
‘ 1og(20/12 853)
— T 13 22
log(1.034)- yearss o

rresponds to the yea1 2016

Example 3

Solution

“'the air near a busy road isa functlon of' dlstance from.

»f carbon mon0x1de CO,'in
i¢-T0ad:’ The concentratlon decays exponen-
tially at a continuous rate of 3.3% per meter. 2 At What dlstance from the. road is the concentration
of CO half what it is on the road?

Traffic pollution is harmful to school-age chﬂdren The concentratlon

If Cy is the concentration of CO on the road then the concentration ac meters from ‘the road is™
C C e~0 D33:c s
We want to find the value of z maklng C =Cy/2, that ds o
: f'%CO:é—o 0330 Co

=3
Dividing by Cp and then takmg natural logs ylelds -

In (e 0337) = -0.033z miln <%>= —0.6931,

80 ER AN AR
x = 21 meters.

At 21 meters from the road the concentration of CO in the air is half the concentration on the road.

2Rickwood, P. and Knight, D. (2009). “The health itﬁpacts oflocal ttaffté pollutlon oﬁ prilﬁary school age children.” State
of Australian Cities 2009 Conference Proceedings.
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In Example 3 the decay rate was given. However, in many situations where we expect to find
exponential growth or decay, the rate is not given. To find it, we must know the quantity at two
different times and then solve for the growth or decay rate, as in the next example.

Example4  The population of Mexico was 99.9 million in 2000 and 113.4 million in 2010.* Assuming it
increases exponentially, find a formula for the population of Mexico as a function of time.

Solution If we measure the population, P, in millions and time, ¢, in years since 2000, we can say
P = Pyeft = 99.9¢*¢,

where Py = 99.9 is the initial value of P. We find k by using the fact that P = 113.4 when ¢ = 10,
SO
113.4 = 99.9¢*10.
To find k, we divide both sides by 99.9, giving
113.4
—— =1.135 = !0k,
99.9 3=

Now take natural logs of both sides:

In(1.135) = In(e'%%).
Using a calculator and the fact that In(e'%%) = 10k, this becomes
0.127 = 10k.

So
k =0.0127,
and therefore ‘
P = 99.9¢0-0127¢,

Since k = 0.0127 = 1.27%, the population of Mexico was growing at a continuous rate of 1.27%
per year. = - L , , ¥

In Example 4 we chose to use ¢ for the base of the exponential function representing Mexico’s
population, making clear that the continuous growth rate was 1.27%. If we had wanted to emphasize
the annual growth rate, we could have expressed the exponential function in the form P = Pyat.

G1veaformulafor the inverse of the following function ((thatii:sy, solve for tm termsof Py -

P=f(t) = 12.853(1_Q'34)t. i

Solution 1... .. -, We want.a formula expressing ¢ as a function of P. Take logs: .+ . - .+ . 1%
| | log P = log(12.853(1.034)"). |
Since log(AB) = log A + log B, we have - S a0
log P = log 12.853 + log((1.034)").
Now use log(A?) = tlog A: - o
log P = log 12.853 + ¢ log 1.034.
Solve for ¢ in two steps, using a calculator at the final stage:

tlog 1.034 = log P — log 12.853

log P log 12.853 , ,
_ _ = 68.868 log I’ — 76.375.
Tog1.034  log Loga _ 0o:808log = 76575,

22http://data.worldbank.org/country/mexico. Accessed January 14, 2012,




Thus,

Note that
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FHP) = 68.868 log P — 76.375.

~1(20) = 68.868(log 20) — 76.375 = 13.22,

which agrees with the result of Example 2.

Exercises and Problems for Section 1.4

Exercises

Simplify the expressions in Exercises 1-6 comipletely.

In(1/2) 2. ].Olog(AB)

l.e
3. 5en(A") 4. In(c**)

5. In(1/e) + In(AB) 6. 2In () +3In B®

For Exercises 718, solve for z using logs.

=1 8T =2

9, 90 = 50(1.04)" | 10. 4.3° =7.5°
1L 7= 5e*% 12, 9% = %!
13.°50 = 6004 14, 2% =

E 15 ‘7:c+2 — lTe l ~16.‘> '10;+3,;__:

AT 2w —1=é"% 18,

Problems

L 25..P =15(1:5)"

For Exercises 19-24, solve for £. Assume o and b are positive
constants and % is nonzero.

19. a =¥ 20. P = Pya’

21, Q = Qo'ant 22. ot = Qo bt

23. a = be' 24, P = Pye®

In Exercises 25-28, put the functions in the form P = Ppe*’.

26. P =10(1.7)"

27. P =174(0.9)" . 28. P = 4(0.55)"

Fmd the mverse functlon in Exercmes 29 31

30 f(t) = 5060 L

n32 The *population ‘of ‘a regionis: growmg exponentlally
“There.were 40,000,000 people ini2000 (¢-=/.0) and
+48:000,000in:2010: Find an expression for the:popula-
socstion at-any time 6 in yéars.:What population would you
predict for the year 20207 What:is the ‘doubling time?

33. One hundréd kilograms of a radioactive substance decay
Hinlto 40 kg in‘10 years How much remains after 20 years?

.3‘4;‘:A culture of bactena orlgmally numbers:SO() ‘After 2
. hours there are 1500 bacteria in the cul emAssummg
exponentlal growth how many ale there aftel 6 hours?

-35. “The population of the US was 281 4 mllhon in 2000 and
+308.7 million in 2010.Assuming exponentxal growth

(a) In what ‘year is the popu]atxon expected to go over
“350'million?
(b) What population is predicted for the 2020 census?

Bhtp://2010.census. gov/l()lOcensus/ Accesscd Apul 1 l 2011

24Rickwood, P. and Knight, D. (2009) “Th
ofAumah(m Cities 2009 Confer )
Brook, R..D., Franklin, B,, Cascw,W

36. The

Smith, S. C. (2004) “Air poHutlon and cardiovascular dlsedse" Circulation, 109(21) 2655267.

ncentratxon of the car exhaust fume mtlous oxide,

NOg, in the air near a busy road is a function of distance

s fron the road: Theconcentration decays exponentially at

* a'continuous rate of 2.54% per meter.** At what distance

from the road is the concentration of NOg half what it is
on the road?

37. For children and adults with diseases such as asthma, the

number of respiratory deaths p‘er year increases by 0.33%

“when pollution’ pamcles 1nc1ease by a microgram per cu-
blC meter of axr

(a) « Write a for mula for the numbel of respiratory deaths
per year as a function of quantity of pollution in the

7 air (Let Qo be the nuitiber of deaths per year with
no pollution.).

(b) What quantity of air pollution results in twice as
. many respiratory deaths per yedr as there would be

w1thout pollut10n7 :

afﬁc 'poiluvtion on primdry school age children.” State

xpsell M Luepker R, Mnllemdn M., Samet, J., and
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The number of alternative fuel vehicles” running on
E85, fuel that is up to 85% plant-derived ethanol, in-
creased exponentially in the US between 2003 and 2008.

(a) Use this information to complete the missing table
values.

(b) How many E85-powered vehicles were there in the
US in 20037

(e) By what percent did the number of E85-powered ve-
hicles grow from 2004 to 20087

43.

Year 2004 2005 2006' 2007 2008
Number of E85 vehicles | 211,800 ? ? ? 450,327
44,

39.

40.

41

At time ¢ hours after taking the cough suppressant hy-
drocodone bitartrate, the amount, A4, in mg, remaining in
the body is given by A = 10(0.82)".

(a) What was the initial amount taken?

(b) What percent of the drug leaves the body each hour?
(¢) How much of the drug is left in the body 6 hours
" after the dose is administered?

(d) How long is it until only 1 mg of the drug remains .

in the body?

A cup of coffee contains 100 mg of caffeine, which
leaves the body at a continuous rate of 17% per hour.

(a) Write a formula for the amount, A mg, of caffeine in
“the body t hours after drinking a cup of coffee. -
(b) Graph the function from part (a). Use the graph to

estimate the half-life of caffeine.
(¢) Use logarithms to find the half-life of caffeine.

“The exponential function y(z) = Ce™” satisfies the con-

. ditions y(0) = 2and y(1) = 1. Find the constants C and
' ,_‘_a What is y(2)

i Wlthout a calculator or computer, match the functions e”
BEY z, 2%, and ©1/2 fo their graphs in Figure 1.46.

AB

Figure 1.46

26http:/'/ www.cia.doe. go\r/aer/reﬁew.html

45.

46.

a

With time, ¢, in years since the start of 1980, textbook
prices have increased at 6.7% per year while inflation has
been 3.3% per year.”” Assume both rates are continuous
growth rates.

(a) Find a formula for B(t), the price of a textbook in
year t if it cost $ By in 1980.

(b) Find a formula for P(¢), the price of an item in year
t if it cost $ P in 1980 and. its price rose according
to inflation.

(c) A textbook cost $50 in 1980. When is its price pre-
dicted to be double the price that would have re-
sulted from inflation alone?

In November 2010, a “tiger summit” was held in St.
Petersburg, Russia.?® In 1900, there were 100,000 wild
tlgers worldwide; in 2010 the number was 3200.

(a) Assummg the tlger populatlon has decreased expo-
nentially, find a formula for f (t), the numbe1 of wild
tigers ¢ years since 1900. ‘

(b) Between 2000 and 2010, the number of wild t1gers
decreased by 40%. Is this percentage larger or
smaller than the decrease in the tiger population pre-
dicted by your answer to part (a)?

In 2011, ‘the populations of China and. Indla were ap-
ptoxxmately 1.34 and 1.19 billion people , respectively.
However,-due tocentral. control-the annual population
growth rate of China was 0.4% while the population of
India was growing by 1.37% each yeat. If these growth
rates remain constant, when will the population of Indla
exceed that of Chma” , i

The :third-quarter: revenue-of Apple. ®:went froi: $3 68
billion?? in 2005to. $15.68 billion?! in 2010. Find an ex-
poncnttal function to.model the révenue as a:function of

- years since 2005.: “What ISzthe continuous percent growth
_rate; periyear;of sales?’ ©ix R S TS S

;The world populauon was: 6 9 bﬂhon at the end of 2010

d of 2050,

htially,
ntinuous growth rate per year?

“(b) The' Umted Nations celebrated the“Day ‘of5 Bil-

dion” o July 11y 1987, ‘and’thié “Day-of 6 Billion”
“on October 12, 1999. Using thegrowth rate in part
“(a), when is the “Day of 7 Billion” predlcted to be?

21Data from “Textbooks headed for-ash heap of history”, hutp://educationtechnews.com, Vol'5, 2010.
28Tigers would be extinct in Russia if unprotected,” Yahoo' News, Nov 2] 2010

Yhtp:/iwww.indexmundi.com/. Accessed April 17, 2011.
3Onttp:/iwww.apple.com/pr/library/2005/oct/ T Lresults.html. Accessed Apul 27 2011
3 hup:/fwww.apple.com/pr/library/2010/01/25results.html. Acccssed Aprll 27,2011

32“Reviewing the Blddmg on the Chmate Flles”, in About Dot Ldrth N 1

ozk'szes Nov 19 2010




48. In the early 1920s, Germany had tremendously high in-

flation, called hyperinflation. Photographs of the time
show people going to the store with wheelbarrows full
of money. If a loaf of bread cost 1/4 marks in 1919 and
2,400,000 marks in 1922, what was the average yearly
inflation rate between 1919 and 19227

49. Different isotopes (versions) of the same element can
have very different half-lives. With ¢ in years, the decay
of plutonium-240 is described by the formula

~0.00011¢

Q = Qoe™ ;
whereas the decay of plutonium-242 is described by

-0.0000018¢

Q@ = Qoe

‘Find the half-lives of plutonium-240 and plutonium-242.

50. The size ofmavn, exponentially growing bacteria colony
' doubles in 5 ho
ber of bacteria to triple?

51. Air pressure,.P, decreases exponentially with height, h,
above sea level. If Fo is the air pressure at sea level and
- h is in meters, then

~0.00012h

P”’:’ P;,‘e

: (a) Atjthe 1top of Mount McKinley, height 6194 meters-

(about 20, 320 feet), what is the air pressure, as a per-
cent of the pressure at sea level?

(b) The maximum cruising altitude of an ordinary com-
mercial jet is around 12,000 meters (about 39,000

feet) At that height, what is the air pressure, as a

_-percent of the sea level value?

52} Fmd the: equatxon of the hnel i Flgure 1.47.

E Strengthen Your Understandmg

hours. How long Wlll it take for the num-
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Figure 1.47

53. In 2010, there -were -about 246 million vehicles (cars
and trucks) and about -308.7 million people in the US.*
The number of vehicles grew 15.5% over the previous
decade, while the population has been growing at 9.7%
per decade. If the growth rates remain constant, when
will there be, on average, one vehxcle per person?

54. A picture supposedly pamted by Vermeer (1632-1675)
contains 99.5% of its carbon-14 (half-life 5730 years).
From this information decide whether the picture is a
fake. Explain your reasonin ‘

55. Is there a difference between ln[ln(x)]f and In*(z)? -
[Note: In?(x) is another way of writing (Inz)2.]

56. If h(z) =1n{z + a), where a > 0, what is the effect of
© - increasing a on »

(a) The y—mterceptV - (b) The:z: mtercept"

57. I h(:c) In(z + a), where a >0, what is the effect of
increasing a on the vertical asymptote" :

58. If g(m) = In(az +2), where a #- 0, what is; the effect of
increasing a on : :

(a) The y-intercept? (b) The w-intcrcept?

59. If f(z) = aln(x + 2), what is the effect of increasing a
on the vertical asymptote?

60. If g(z) = In(ax + 2), where a # 0, what is the effect of
mcreasm;, a onthe Vertlcal asymptote"

In Problems 61~62 explam What is w1ong with the statement.

62, For all x> 0 lhe value of ln(lOO:L) is 100 times laxgel
than In . G ‘) ,

In Problems 63-64, give an example of:

63. A function f(x) such that In(f(xx)) is only defined for
z < 0.

64. A function with a vertical asymptote at z = 3 and de-
ﬁned only for x> 3

33http /www. autoblog com/2010/0 1/04/lepon -number-of-cars-in-the-u-s-dropped-by-four-million-in-20/
http://2010.census.gov/news/releases/operations/cb10-cn93.html. Accessed February 2012.

- 65. The graph of f(”c)

Are the statements in Problems 65-68 true or false? Give an

o ~explanat10n for your-answer. .. o7

e down.

66. The graph of g(z) = ) .crosses the x-axis at

T = 1.

log('v ~1
67. The inverse function of y = log‘q‘: is'y =1/log .

68. If a and b are positive constants, then y = In(az -+ b) has
no vertical asymptote. . »

and




36 Chapter One A LIBRARY OF FUNCTIONS

1.5 TRIGONOMETRIC FUNCTIONS R

Radians

Trigonometry originated as part of the study of triangles. The name tri-gon-o-metry means the
measurement of three-cornered figures, and the first definitions of the trigonometric functions were
in terms of triangles. However, the trigonometric functions can also be defined using the unit circle,
a definition that makes them periodic, or repeating. Many naturally occurring processes are also
periodic. The water level in a tidal basin, the blood pressure in a heart, an alternating current, and
the position of the air molecules transmitting a musical note all fluctuate regularly. Such phenomena
can be represented by trigonometric functions.

There are two commonly used ways.to represent the input of the trigonometric functions: radians
and degrees The formulas of calculus as you will see, are neater in radlans than in degrees

An angle of 2 radians cuts off an arc of length 2 on a unit cucle A negatlve angle, such as -1 / 2
radians,-cuts off an are’ of length 1 /2, but measured clockwise. (See Figure 1 48(b) ) .

@ e e e T~ Arclength =12

: ,
.| Arclength = 1

; ;Fyiglire 1.48: Radians defined using unit.,cir’cle S

1t is useful to think of angles as rotations, since then we can make sense of angles larger than
360° for example, an angle of 720° represents two complete rotations counterclockwise: Since one
full rotat10n of 360° cuts off an arc of length 27r the clrcumference of the unit »‘

360 = 27r radlans S0 180° = rachans

Arc length =5 = r#. <19

Figure 1.49: Arc length of a sector of a citcle
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The Sine and Cosine Functions

‘

The two basic trigonometric functions—the sine and cosine—are defined using a unit circle. In
Figure 1.50, an angle of ¢ radians is measured counterclockwise around the circle from the point
(1,0). If P has coordinates (z, y), we define

cost =x and sint=y.

We assume that the angles are always in radians unless specified otherwise.
Since the equation of the unit circle is 22 + y? = 1, writing cos? ¢ for (cost)?, we have the
identity

cos?t + sin?t = 1.

As t increases and P moves around the circle, the values of sint and cost oscillate between 1 and
—1, and eventually repeat as P moves through points where it has been before If t is negative, the
angle is measured clockwise around the circle.

; Amphtude, Period, and Phase

" The graphs of sine and- cosine are shown in Figure 1.51. Notice that sine is an odd function, and
“icosine is‘even. The maximum and minimum values of sine and cosine are +1:and — 1, because those
are the maximum and minimum values of y-and z on the umt circle! After the pomt P has moved

S *around the complete 01rc1e once the Values of cost and sin t start to’ repeat we 'say the functions

“>The amphtude of cost and sin t is 1, and the period is 2. Why 27? Because that s the value of
t when the pomt P has gone exaetly once around the circle. (Remember that 360° = 27r radians.)

1)

| Ampitude =

1 - .
t—Period = 21 ="

Figure 1.50: The‘deﬁnitionsiofsintand T el d e T e i
cos t . Figure 1.51: Graphs of cost and sin ¢

In Figure 1.51, we eee’ thét'the sine and cOsine gr;zii)hs are exactly the same shape, only shifted
horizontally. Since the cosine graph is the sine graph shifted 7/2 to the left,

cost = sin(t + 7/2).

. Equrvalcntly, the sine graph is the cosine graph shifted 7 /2 to thc rrght 50,
i ' bllll' = cos(t — 7r/2)
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We say that the phase difference or phase shift between sint and cost is 7 /2.
Functions whose graphs are the shape of a sine or cosine curve are called sinusoidal functions.

To describe arbitrary amplitudes and periods of sinusoidal functions, we use functions of the
form

f(t) = Asin(Bt) and g(t) = Acos(Bt),

where | A| is the amplitude and 27 /| B| is the period.

The graph of a sinusoidal function is shifted horizontally by a distance |h| when ¢ is replaced
byt—hort+h.

Functions of the form f(t) = Asin(Bt) 4+ C and g(t) = A cos(Bt) + C have graphs which
are shifted vertically by C and oscillate about this value.

Example1  Find and show on a graph the amplitude and period-of the functions - :
(a) y = 5sin(2t) (b)y:—Ssin(E)‘k . (9y=1+2sint

Solution (a) From Figure 1.52, you can see that the amplitude of y = 5sin(2t) is 5 because the factor of §
. stretches the oscillationsup to 5 and down to —5. The period of y = sm(2t) is 77, because when
t.changes from O to 7, the quantity 2¢ changes from 0 to.27, so the:sine function goes through

. i1 one complete oscillation. ; Y '
(b) Figure 1.53 shows that the amplitude of Yy = -—5 sin (t/ 2) is, agam 5 because the negative sign
~ reflects the oscillations in the t-axis, but does not change how far up or.down they go. The period
. of y = =5sin (¢/2) is 47 because when ¢ changes from 0 to 47, the quantity ¢ / 2 changes from
0 to 27, so the sine function goes through one complete oscﬂlatlon :
- (c) The 1 shifts the graph Y= 2sint up by 1 Smce y= -2 smt ha
S ot 2r the graph of y = 14 2sint goes up to 3'and down t
“Figure 1:54.) Thus, y =1 4 2 sin ¢ also has amplitudeé’2:

tude o_f; 2anda penod
s.a period of 2. (See

Y y=5sin2t . Vy=-—ssin(t/2) Y. y=1+2snt
Amplitude Ampfilude ’ Amplitude
27

VE Vi N
™ - 27 47 e o e :
C o = /T t
. :, \\/27@ .

. <—Penod—>l '; k Period . - Penod S B
Flgure 1.52:" Amplitude = 5, A Figure 1.53: Amplitude = 5, Flgure 1 54 Amphtu de =2 p eriod = 27T

period = 7 - period = 47 ;

Example 2 Find possible formulas for the following sinusoidal functions, * /"

@ Bt ® 2 Ay ©




Solution
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(a) This function looks like a sine function with amplitude 3, so g(¢) = 3 sin(Bt). Since the func-
tion executes one full oscillation between ¢ = 0 and ¢ = 127, when ¢ changes by 12, the quan-
tity Bt changes by 2#. This means B - 127 = 27, so B = 1/6. Therefore, g(t) = 3sin(t/6)
has the graph shown.

(b) This function looks like an upside-down cosine function with amplitude 2, so f(t) = —2 cos(Bt).
The function completes one oscillation between ¢ = 0 and ¢ = 4. Thus, when ¢ changes by 4,
the quantity Bt changes by 27, so B - 4 = 2n, or B = 7/2. Therefore, f(t) = —2cos(wt/2)
has the graph shown.

(c) This function looks like the function g(¢) in part (a), but shifted a distance of = to the right.
Since g(t) = 3sin(t/6), we replace ¢ by (¢ — ) to obtain h(t) = 3sin[(t — w)/6].

Example 3

Solution

‘On July 1, 2007, high tide in Boston was at midnight. The water level at high tide was 9.9 feet; later,

at low tide, it was 0.1 feet. Assuming the next high tide is at exactly 12 noon and that the height of
the water is given by a sine or cosine curve, find a formula for the water level in Boston as a function
of time.

Let y be the water level in feet, and Tet ¢ be the time measured in hours from midnight. The os-
cillations have amplitude 4.9 feet (= (9.9 — 0. 1)/2) and period 12, so 128 = 27 and B = /6.
Since the water is h1ghest at mldmght When t= 0 the oscillations are best represented by a cosine
function. (See Flgure 1. 55 ) We can say T

Helght above average = 4.9 cos (E t)
Since the average water level was 5 feet (~—_~ (9.9 + 0:1)/2), we shift the cosine up by adding 5:
k y;5+4.9003<%t>.

.y =5+49cos(%1)

24

12\

1

12 mid, 6am 12 noon 6pm 12 »mi'dk.

: iagp‘;‘)rfox:j‘matligg, the ljde in Boston on J lily 1,',2007

Exémplé4

Solution

Of course, there’s something wrong with the assumption in Example 3 that the next high tide is

at noon. If so, the high tide would always be at noon or mldmght instead of progressing slowly
through the day, as in fact it does. The interval between successive high tides actually averages

_about 12 hours 24 mmutes Usmg this, glve a more accuraie formula for the height of the water as a

function of time.

The period is 12 hours 24 minutes =:12.4 hours, so B = 2r/12.4, giving

2
y =5+ 4.9cos (ﬁ%f) =5 4 4.9 cos(0.507¢).

Example 5

Use the 1nf01mat10n from anmple 4 to write a 10rmula t01 the water level in Boston on a day when
the high tide is at 2 pm. -
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Solution When the high tide is at midnight, -
y =5 + 4.9 cos(0.507¢).

Since 2 pm is 14 hours after midnight, we replace ¢ by (t — 14). Therefore, on a day when the high

tide is at 2 pm,
y =5+ 4.9cos(0.507(¢t — 14)).

The Tangent Function

If t is any number with cost # 0, we define the tangent function as follows

Figure 1.50 on page 37 shows the geomeirical meaning of the tangent function: tant is the
slope of the hne through the origin (0, 0) and the point P = (cost,sin t) on the unit circle.

‘The tangent function is undefined wherever cos ¢ = 0, namely, at t = +7/2, £37/2,..., and it
has a vertical asymptote at each of these points. The function tan ¢ is positive where sint and cost
have the same sign. The graph of the tangent is shown in Figure 1.56.

#

i | I i i i
i o | i ] ) i
. tant | t | | v t
| | | é: | 3tant- i
h l I POt 1
) ) e d)
| | i | | tant |
| - Lol : -y
vk P w7 Vel {
| | I / (f I !
| | ! | | I
z : o :
p 1 i { -.10 i |
| { % |
| ; i
| 1
| i i |
r— Period— : t—Period—*
Figure 1.56: The tangent‘ function . Figure 1.57: Multiple of tangent

The tangent function has perlod 7, because it repeats every T units. Does it make sense to talk
about th ainphtude of the tangent function? Not if we’re thinking of the amplitude as a measure of
the 31ze of the oscillation, because the tangent becomes infinitely large near each vertical asymptote.
We can still multiply the tangent by a constant but that constant no longer represents an amphtude
‘(SeeFlgure157)“" SIS S R

The Inverse Trlgonometrlc Functlons

;Onéoccaswn; you mdy need to find a number with a given sine. For examp]e you mxght want to find

« such that
BE sinz = 0
or such that
' sina = 0.3.
The first of these equations has solutions 2 = 0, £, £27, .... The second equation also has

1nﬁmtely many solutions. (qug a calculator and a graph, we get

a:~0305 2.84, 0300:1~27r 2.84 4 2m,.
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For each equation, we pick out the solution between —7/2 and 7/2 as the preferred solution.
For example, the preferred solution to sinz = 0 is 2 = 0, and the preferred solution to sinz = 0.3
is z = 0.305. We define the inverse sine, written “arcsin” or “sin™*.” as the function which gives
the preferred solution.

Thus the arcsine is the inverse function to the piece of the sine functlon havmg domain [—7/2,7/2].
‘(See Table 1.17 and Flgure 1. 58) On a calculator, the arcsine functlon34 is usually denoted by

Table 1.17  Values ofsm zandsin'z k ' 5t y=sin"x
z sinz- : "’ - a: sin”'z o 1 " Ty=sinz
=5 | =000 | | -vovo |-z | ‘*
—10 [ ~0841.| | —0841 | -1.0 | 4| "
~0.5 | ~0479 | | =0/479 —0.5 -3 —1 3
00 | 0000 | | 0.000 oo | 7 |
05 [ 0479 |- | 0479 05 |- «
10| 084r-| | 0841 10 | 3T ;
2 10000 | 000 g - Figure 1.58: The arcsine function

The inversé tangent, written “arctan” or tan_l »

tangent function having:thesdomain:.
usually denoted by [tan~]

wn~ !, is the inverse function for the piece of the
/2 < 3 < 7/ 2. On a calculator, the inverse tangent is
The graph of the arctangent is shown in Flgure 1.60. o

*1 » IS dlscussed m Problem 55 The range

_______ T, ,
y = tan lg
f | by
-1/ 1
=
Figure 1.59: The tangent funcuon Figure 1.60: The arctangent function

3 Note lhat sm g ot lhe same as (sin 1) = 1/sinwz.
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Exercises and Problems for Section 1.5

Exercises

For Exercises 1-9, draw the angle using a ray through the ori-
gin, and determine whether the sine, cosine, and tangent of
that angle are positive, negative, zero, or undefined.

5 2, 2m 3. %"
4. 3w 5 % 6. i
7. == 8. 4 9. -1

Find the period and amplitude in Exercises 10-13.

10. y =.7sin(3t)
12, w =8 — 4sin(2z + )

11. z = 3cos(u/4) +5
13. 7 = 0.1sin(nwt) + 2

For Exercises 14-23, find a possible formula for each graph.

14. Y 15. Y
2+ 5
8
e - X
6w
16. y 17. y -
4 8 I /
JAY"
T SEENSE | {_ T

19,

Problems

27. 2 = osm(39:)

20. y 21.

23.

Yy
6
. 5
T 1 1 Y/Lm
T 4 8

In Exercises 24-26, calculate the quantity without using the
the trigonometric functions on your calculator. You are given
that sin (7/12) = 0.259 and cos (7/5) = 0.809. You may
want to draw a picture showmg the angles involved and check
your answer on a calculator.

24. cos(—%) 25, 26. cos =

Sln 12

In Exercises 27-31, find a solution to the equation if possible.
Give the answer in:exact form and in decimal form.

28 1—8cos(2:z:+1) 3

29, 8=4 tan(Bm) 30 1=8tan(2z + 1) —3

31 8= 4sm(5x)

_32. Without a
" with the gra
(@) y=2cos (t —7/2) (b) y = 2cost

© y= 200«5,(1‘/ -+ 7T/2)

ulator or computer match the formulas

o 1)

\WA/\ o
"

/ <— h(t)

'Figure 161

. What 'is_the difference between sinz?, sin*x, and
sm(sm x)’7 Express each of the three as ‘a composition.
(Note: sin® z is another \ way of Wwriting (sin z)2)

34. On the graph of y = sinz, points P and Q) are at con-
secutive lowest and highest points. Find the slope of the

line through P and Q.

. A population of animals oscillates sinusoidatlly between
a low of 700°on January 1 and a high of 900 on July 1.

(a) Graph the population against time.
(b) Find a formula for the population as a function of
time, ¢, in months since the start of the year.

36. The desert temperature; F, oscillates daily between 40°F
at.5 am and 80°F at' 5 pm. Write a possible formula for

H in terms of ¢, measured in hours from 5 am.




37. (a) Match the functions w = f{(t), w = g(¢), w = h{t),
w = k(t), whose values are in the table, with the
functions with formulas:

(i) w=15+4sint (i) w=10.5+sint
(il) w=—0.54+sint (iv) w=—1.5+sint

(b) Based on the table, what is the relationship between
the values of g(¢) and k(£)? Explain this relationship
using the formulas you chose for g and k.

(¢) Using the formulas you chose for g and h, explain
why all the values of g are positive, whereas all the
values of h are negative.

VN REFON RN EON RN RIO)
60| —0.78 ] 3.0| 1.64 § 5.0 | —246 | 3.0 o0.64
65| 028 |35 11551 | —243)35] o015
70| 016§ 40|074] 52| 23840/ 026
75| 044 § 45052153 -233 45| ~048
80| 049 }50(054) 54| -227)50]| 046

38. The depth of water in a tank oscillates sinusoidally once
.+ every.-6’hours. If the smallest depth is 5.5 feet and the
~iilargest depth 4s°8.5 feet, find a possible formula for the
depth in terms of time in hours: -+
/39, Thé voltage, V', of an electrical outlet in ahome as'a func-
; itron off“tlme t (m seconds) 1s V = Vy cos ( 1207rt).

X 1od of the oscrllatron"
~(b) What does Vo represent"
¢). Sketch the graph of V. kagkarns’t_t.’;,lsabel the axes.

hie’power output, P; ‘ofia solar panel varies with the po-
sition of the sun. Let P = 10 sin 6 watts; where 8 is the
angle between the sun s rays and the panel, 0 < 6 < .
On a typlcal summ day in Ann Arbor, Michigan, the
sun rlses/at‘ 6 am‘and sets at 8 pm and the angle is

0<t <14,

i wAa). Write a formula for a function,, f(t), giving the

;.1 POWeEr output of the solar panel (m watts) ¢ hours

after 6 am on 4 typrcal summer day in Ann Arbor.

« «(b)::Grapli:the funétion: f(t) in part'(a) for0 < ¢t < 14.

i, (e) At what time:is the/power output igreatest? What is
! the.power output at thisitime?’

(d) On a typical winter day in Ann Arbor, the sun rises
n:at 8-ameand sets at 5 'pm; Write a formula for a func-
tion, g(t) giving the power output of the solar panel
(in waltts) ¢ -hours after:8 -am:on.a typical-winter day.

41 A baseball hit af an angle of 0 to lhe horizontal with ini-

tial velocity vp has horizontal range, R, given by

'UO .
R = —sin(20).
7 (20)

‘Here g is.the acceleration due to gravity. Sketch R as a
function of 6 for 0 < 6 < /2. What angle gives the
maximum range? What is'the maximum range?

6 ="7t/14, where ¢ is time in hours since 6 am and -
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- 42. The visitors’ guide to §t. Petersburg, Florida, contains

the chart shown in Figure 1.62 to advertise their good
weather. Fit a trigonometric function approximately to
the data, where H is temperature in degrees Fahrenheit,
and the independent variable is time in months. In order
to do this, you will need to estimate the amplitude and pe-
riod of the data, and when the maximum occurs. (There
are many possible answers to this problem depending on
how you read the graph.)

H (°F) | Jan| Feb| Mar| Apr|May| June July] Aug| Sept Oct| Nov| Dec
100°
90°
80°
70°
60°
50°

wonderful weather and year—round sunshme
w1th perrmssron)

: World -The difference: between low.: and lngh water lev-
els is 15 meters (nearly 50 feet). At.a particular point the
.depth; of the water, y meters, is:given.as.a.function of

by What isithe value'of A2 ;
“(0) “What is the value-of  BY Assume tlle time between

: successive hightides is 12.4-hours.:

-(d) What is:the physical meaning of C?

44

‘A compact dlSC spms'at a ate of 200 to 500 revolutions

dians per second? =~ U

45. When a car’s engine makes less than about 200 revolu-
tions per minute, it stalls. What is the period of.the rota-

tion of the engine when it is about to stall?

46. What is the perrod of the earth’s revolu i
sun?

around the

47. What is the approximate- perrod of the moon 8 revolutron
around the:earth? e

48. For a boat to float in 2 tidal bay, the water must be at
least 2.5 meters deep., The depth of water around the boat,
d(t), in meters, where t is measured in hours since mid-
night, is

- d(t) =5+ 4.6sin(0.5¢)..

(a) What is the period of the tides ii hours?

(b) If the boat leaves the bay at midday, what is the lat-
. est time it can return before the Wwater becomes. too
i shallow? .



44
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49. Match graphs A-D in Figure 1.63 with the functions be-

low. Assume a, b, ¢ and d are positive constants.

ft)y =sint+D
g(t) =sint+at+b

B

Figure 1.63

50. In Figure 1.64, the blue curve shows monthly mean car-

bon dioxide (COg2) concentration, in parts per_ million
(ppm) at Mauna Loa Observatory, Hawaii, as a function
of t, in months, since December 2005. The black curve
shows the monthly mean concentration adJusted for sea-
sonal CO4 variation.™

(a) Approximately how much did the monthly mean
CO;, increase between December 2005 and Decem—
ber 20107 E ol

(b) Find the average monthly rate of -increase of the
monthly mean CO; between December 2005 and
December 2010. Use this information to find a linear
function that approximates the black curve: ¢

(¢) The seasonal CO; variation between December
2005 and December 2010 can be approximated by
a sinusoidal function. What is ‘the approximate pe-
riod of the function? What is its amphtude‘7 G1ve a
formula for the function. ‘

(d) The blue curve may be approximated by a funct1on
of the form h(t) = f(t) + g(t), where f(t)is sinu-
soidal and g(¢) is linear. Using your work in parts(b)
and (c), find a possible formula for hi(t). Graph h(t)
using the scale in Figure 1.64.

ppm

‘1|11|1|1llt(m0nlhs

12 24 36 48 60 since Dec 2005)

Figure 1.64

trends.

h(t) =sint + e +d
r(t) =sint — e +b

S1.

52.

53.

54.

(a) Use a graphing calculator or computer to estimate
the period of 2sin 6 + 3 cos(26).

(b) Explain your answer, given that the period of sin
is 27 and the period of cos(26) is .

Find the area of the trapezoidal cross-section of the irri-
gation canal shown in Figure 1.65.

h
Figure 1.65

Graph y = sin 7,y = 0.4, and y = —0.4.

(a) From the graph, estimate to one decimal place all the k
csolutionsof sin z = 0.4 with = < < 7.

;,w(b) “Use a caleulator to'find arcsin(0.4). What is the re-

:lation between arcsin(0.4)-and each:of the solutions
you found in-part (a)?::

.. {©), Estimate all the solutions to sin x. =. —0.4 with

emLax ST (agam to. one. decnndl place)
(d) What is the relatton between arcsm(O 4) and each
of the Solutions you found in palt (c)?

Find the angle, in'de;grees' that & wheelchair ramp makes
with the ground if-the ramp Tises l foot.over a horizontal

L ?d1stance of::

-58.

1 @) . 12 ft the normal requxrcmen
’ '(b) 8 fit
(©. 20 ft the’ :

t36 "

thc steepest ramp legally pet rmtted
ommendatmn 1f Snow can be expected

]

on the ramp

»Tlns problem muoduces the“atccosine function, or in-
: noted by m on most calculators

»1 (a) Usinga calculator setin: radxans make a'table of val-

#  ues; to:two.decimal :places;iof g(z) = arccos z, for
x = ~1,—0.8;=0.6, .:50,:..70.6;0.8; 1.

o (b ‘Sketch thergraphiofig(x)=arccos x.

(c) Why is’ the domainof the arccosine the same as the
' dortiain ‘of the arcsine?

. f(d) What is the range ‘of the arccosme‘7
(e). Why is' the range of the arccosine not. thc same as the

1a11gc ot the mcsme‘? o ) N

Bhitp://www.estl.noaa. gov/gnd/ccz,g/hen(ls/ Acccsscd March 2011 Monthly mears ]omcd by segmcms to highlight

36http://www.access-board. gov/adaag/huml/adaag. htm#4 1. 6(3)a acceseed June 6 2011
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gtrengthen Your Understanding
s
1n Problems 56-57, explain what is wrong with the statement. ~ 62. If ¢is in seconds, g(t) = cos(2007t) executes 100 cycles
in one second.

63. The function f(8) = tan(6 — w/2) is not defined at
0 =n/2,3n/2,5w/2. ...

64. sin|z| =sinz for -7 <z < 21

56. For the function f(z) = sin(Bz) with B > 0, increas-
ing the value of B increases the period.

57. For positive A, B, C, the maximum value of the function
y = Asin(Bz) +Cisy = A.

65. sin{z| = |sinz| for —27 < z < 27
In Problems 58-59, give an example of: 66. cos|z| = |cosz|for 27 <z < 2%
58, A sine function with period 23. 67. cos |z| = cosz for —2m <z < 27

59. A cosine function which oscillates between values of 68. The function f(z) = Sm(x ) is pericdic, with period

1200 and 2000. 2. _

69. The function g(6) = €™ is periodic.

70. If f(z) is a periodic function with period &, then f(g(x))
is periodic with period k for-every function g(z).

Are the statements in Problems 60-72 true or false? Give an
explanation for your answer.

60. The function f(f) = cos@ — sind is increasing on  71. If g(2) is a periodic function, then f (g(a:)) is; perrodrc
0<8<n/2 for every function f(z). ‘
61. The fuﬁction‘f(t‘) :;sin(0.0Swt)‘has period 0.05.  72. The functron f(a:) | sin m[ is’ even

1 6 POWERS POLYNOMIALS AND RATIONAL FUNCTIONS

k A pow ’ﬁmctton:ls a functron in Wthh the dependent Vanable 1S proportronal to - power of the
.+ independent varjable: . :

}‘y’:vﬁdf‘éxaﬁlplé,:the volume, V, of aisphere of radius 7 is given by 7 0

V=g = §w

As another example, the gravrtatlonal force F ona umt mass at a drstance r from the center of the
earth is glven by Newton ] Law of Gravrtatlon WhJCh says that for some posrtlve constant k,

k
2

We ‘consider the graphs of the power functions z™, with n a positive integer: Fi

and 1.67 show that the graphs fall into two groups: odd and even powers. For n greater than 1, the
odd:powers have a “seat’ at the origin and are increasing.everywhere else.. The even powers are
first decreasing and then increasing. For ldrge z, the hrgher the power of «, the faster the function
climbs. ‘




