
Math 107H Practice Exam 2 Solutions

Note: Most sequences/series can be shown to converge or diverge in more than one
way; the solutions below illustrate only one such method. Your approach may differ....

1. Find the volume of the region obtained by revolving the region under the graph of
f(x) = sin x from x = 0 to x = π around the y-axis (see figure).

By cylindrical shells: radius = x, height = sinx, so

Volume =

∫ π

0

2πx sinx dx = 2π

∫ π

0

x sinx dx .

∫ π

0

x sinx dx = (****) ; integrating by parts,

u = x, dv = sin x dx, so du = dx and v = − cos x, so

(****) = −x cos x −
∫

− cos x dx = −x cos x +

∫

cos x dx = −x cos x + sin x + c

So Volume = 2π(−x cosx + sin x)
∣

∣

∣

π

0
= 2π[(−π(−1) + 0) − (0(1) − 0)] = 2π2 .

noindent 2. Find the improper integral

∫

∞

2

1

x(lnx)3
dx .

∫

1

x(lnx)3
dx =

∫

du

u3

∣

∣

∣

u=ln x
via the u-substitution u = lnx, so du =

1

x
dx,

which equals

∫

u−3 du
∣

∣

∣

u=ln x
= −1

2
u−2 + c

∣

∣

∣

u=ln x
= − 1

2(lnx)2
+ c

So

∫

∞

2

1

x(lnx)3
dx = lim

n→∞

∫ N

2

1

x(lnx)3
dx

= lim
n→∞

− 1

2(lnx)2

∣

∣

∣

N

2
= lim

n→∞

1

2(ln 2)2
− 1

2(lnN)2

1



But since ln N → ∞ as N → ∞,
1

2(lnN)2
→ 0 as N → ∞, so

3. Determine the convergence or divergence of the following sequences:

(a) an =
n3 + 6n2 lnn − 1

2 − 3n3
=

1 + 6(lnn)/n − 1/n3

2/n3 − 3
.

and since 1/n3 → 0 and (lnn)/n → 0 as n → ∞,

an → 1 + 6 · 0 − 0

2 · 0 − 3
=

1

−3
= −1

3
as n → ∞.

(b) bn =
nn+ 1

n

(n + 3)n

bn =
nn+ 1

n

(n + 3)n
=

nnn
1
n

(n + 3)n
=

n
1
n

(

n+3
n

)n =
n

1
n

(

1 + 3
n

)n .

But n
1
n → 1 and

(

1 +
3

n

)n

→ e3 as n → ∞, so bn → 1

e3
= e−3 as n → ∞ .

4. Determine the convergence or divergence of the following series:

(a)
∞
∑

n=2

1

(n − 1)(lnn)2/3
[Hint: limit compare, then integral...]

an =
1

(n − 1)(lnn)2/3
looks like bn =

1

n(lnn)2/3
, and

an

bn
=

n

n − 1
→ 1 as n → ∞,

so
∑

an converges precisely when
∑

bn converges. But:

bn =
1

n(lnn)2/3
= f(n) for f(x) =

1

x(lnx)2/3
, which is continuous and decreasing (x

and ln(x) are both increasing, so (lnx)2/3 is increasing, so their reciprocals are decreasing,
and so the product is decreasing). So we can apply the integral test:

∫

1

x(lnx)2/3
dx =

∫

du

u2/3
du|u=ln x = 3u1/3|u=ln x = 3(lnx)1/3, so

∫

∞

2

1

x(lnx)2/3
dx = lim

N→∞

[3(lnN)1/3 − 3(ln 2)1/3], but since lnN → ∞ as N → ∞,
∫

∞

2

1

x(lnx)2/3
dx diverges, so

∑

bn diverges, so
∑

an diverges.

(b)
∞
∑

n=0

6n

(1 − n2)2
an =

6n

(1 − n2)2
looks like bn =

6n

(−n2)2
=

6

n3
, which converges:

So note that
an

bn
=

(−n2)2

(1 − n2)2
=

1

( 1
n2 − 1)2

, and since 1/n2 → 0 as n → ∞,
an

bn
→

1

(0 − 1)2
= 1 as n → ∞, so by limit comparison,

∑

an converges precisely when
∑

bn

converges.
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But:
∑

bn =
∑ 6

n3
= 6

∑ 1

n3
, which converges (p-series, p = 3 > 1), so

∑

bn

converges, so
∑

an =
∞
∑

n=0

6n

(1 − n2)2
converges.

5. Determine the convergence or divergence of the following series:

(a)
∞
∑

n=1

(n − 1)!

2nn3

∞
∑

n=1

(n − 1)!

2nn3
=

∑

an and

an+1

an
=

((n+1)−1)!
2n+1(n+1)3

(n−1)!
2nn3

=
n!

(n − 1)!

2n

2n+1

n3

(n + 1)3
= (n)

(1

2

)( n

n + 1

)3

.

Since n
n+1

→ 1 and n → ∞ as n → ∞,
an+1

an
= (big)(

1

2
)(close to 1), which is big, as

n gets large, so
an+1

an
→ ∞ as n → ∞, so

∑

an diverges by the Ratio Test.

(b)
∞
∑

n=0

n22n+1

9n + 1

∞
∑

n=0

n22n+1

9n + 1
=

∑

an and

an+1

an
=

(n+1)22(n+1)+1

9n+1+1)

n22n+1

9n+1

=
(n + 1)

n

22(n+1)+1

22n+1

9n + 1

9n+1 + 1
=

(1 + 1/n)

1

22n+3

22n+1

1 + 9−n

9 + 9−n
=

(1 +
1

n
)(22)

1 + 9−n

9 + 9−n
, and since

1

n
→ 0 and 9−n → 0 as n → ∞,

an+1

an
= (1 +

1

n
)(22)

1 + 9−n

9 + 9−n
→ (1 + 0)(4)

1 + 0

9 + 0
=

4

9
< 1,

so

∞
∑

n=0

n22n+1

9n + 1
=

∑

an converges by the ratio test.

6. Set up, but do not evaluate, the integral which will compute the arclength of the
graph of y = x

√
1 + x2 from x = 0 to x = 3.

f(x) = x
√

1 + x2 = x(1 + x2)
1
2 , so f ′(x) = (1 + x2)

1
2 + x(

1

2
)(1 + x2)−

1
2 (2x) =

(1 + x2)
1
2 + x2(1 + x2)−

1
2 .

So Arclength =

∫ 3

0

√

1 + [f ′(x)]2 dx =

∫ 3

0

√

1 + [(1 + x2)
1
2 + x2(1 + x2)−

1
2 ]2 dx
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