Math 208H

A formula for the area of a polygon

We can use Green’s Theorem to find a formula for the area of a polygon P in the plane
with corners at the points

(x1,y1), (T2,92),- -, (Tn,yn) (reading counterclockwise around P).
The idea is to use the formulas (derived from Green’s Theorem)
Area inside P = [,(0,z) - dr = [,(—y,0) - dr
Each side of the polygon P can be parametrized as a stralght line segment P; by
ri(t) = (z; + t(@iv1 — @),y +H(Yir1 —yi)) , 0< < 1

for i = 1,...,n (where z,411 = x; is thought to have returned to the beginning of the
polygon P, and similarly y,+1 = y1). Then

Area = [(0,2)- dr = [, (0,2)- dr+---+ [, (0,2)- dr
(and similarly for the other integral). Then we can compute:
ri(t) = (Tig1 — T Y1 — yi), SO
Jp 0, z) - dr
= Jo (0,2 + t@ipr —22)) - (wig1 — @i, yipr — i) dt
= (Yi+1 — ¥i) fol Ty +t(Tip1 — ) di

1
= (Yi+1 — i) (@it + §t2(a:¢+1 — )5

(Tit1 — 1))

= (Yix1 — vi)(x; + 5

1
= §(yz‘+1 —yi) (i + xi41)

Summing over i, we get our formula!

1 1 1
Area = §(y2 —y1)(r1 +22) + - + §(yn — Yn—1)(Tn—1 + Tn) + §(y1 = Yn)(T1 + 1)
This formula seems to treat the x’s and the y’s differently; one is in a sum, the other a
difference. We can get a better formula if we also compute the area as
Area = [,(—y,0)- dr = fp y,0) - dr+---+ [, (—y,0) - dr

Using the exact same parametrizations for the 31des, we can compute
[i.e., you should compute]:

Jp{=9,0) - dr = S (@i = zit1)(yi + yin1) , 50
1 1 1
Area = (o1 = z2)(y1 +y2) -+ 4 5 (@n—1 = 2n) (Yn1 +yn) + 5 (@0 —21) (Y1 + yn)



But! Since both formulas compute the same number (the area), their average does, as
well. But!

11 1
§(§(yi+1 —yi)(xi +Tip1) + 5(%’ — it1)(Yi + Yit1))

= 1((%_1_1 —yi) (@i + Tig1) + (i — Tig1) (Yi + Yig1))

A~ =

= —(Yit1Ti — YiTi + Yir1Tip1 — YiTit1 + TiYi — Tip1Yi + TilYit1 — Tiv1Yit1)

(Yir1%i + TiYit1 — YiTi + TiYi + Yir1Tit1 — Tip1Vir1 — YiTip1l — Tit1Yi)

(22;Yi+1 — 2Ti+1Yi)

(xiyiﬂ - $i+1yi)

Ti Tit1
Yi Yir1

N = N ===

So when we sum over these quantities, we get

1
Area = 5[(55192 - $2y1) + - (xn—lyn - xnyn—l) + (mnyl - xlyn)]
1 ( T1 To Tno1 Tnl|  |zn w1 )
2 \|y1 Y2 Yn—1 Yn Yn Y1

This formula “feels” better (doesn’t it?); it treats the z-coordinates and y-coordinates
more equally. The two intermediate formulas are more lop-sided in that regard....

Hindsight is 20-20, they say; can you ezplain this formula differently, now that we have
discovered it? A hint: each of the terms in the sum can be interpreted as the area of a
triangle, with two sides equal to a certain pair of vectors....



