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From last time: z = [ag,a1,... ,an,...];set r, = [ag,... ,an] = — . Then |z —7r,| < < . In particular,
kn knkn—l—l knan—l—l
hnp,
— —>zrasn—oo.
kn,
From this, we can learn many things! First, if x = [ag,a1,...]| with a; > 1 for all ¢ > 1, then z ¢ Q; because if x =
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50 |aky — bhy| < 4
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then |- — —| < an
integer). So = = r,, a contradiction (since 7,42k, kK > 0, is a monotone sequence converging to x).

Ty 0 as n — oo, so ak, — bh, = 0 for some n (since this quantity is

1 1
Second, since x = lim [ag,... ,a,] = lim ag + ———— = a¢ + , we can, as before, recover ay from z as
n— 00 n— 00 [CLl,... ,an] [CLl,...]
ag = | x| . This in turn, using the same proof as for finite continued fractions, yields
If z = [ag,a1,...] = [bo,b1,...] with a;,b; € Z and a;,b; > 1 for all i > 1, then a; = b; for all i > 0 .
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Third, the convergents r,, = k:_n give better rational approximations than any other rational numbers we might choose:
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If x € Qand b € Z with 1 < b < k,, then for any a € Z, |:1:—%\ > |z — —| . In fact, if 1 < b < kj41, then

kn
bx — a| > |kpx — hy) -

To see this, suppose not; suppose 1 < b < k,, ;1 and, for some a, |bx —a| < |k,z — h,|. We can assume that (a,b) =1. We

first solve the system of equations h,a+h,118 = a , kna+k, 113 = b ; the solutions are a = (—1)" ™ (ks 1a—hyy1b), 3 =
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(—=1)"™(h,b — k,a) . Note that «, 3 # 0, since otherwise % =7 or k:—H , 50 |bx — a| = |kpx — hy| or b = ky41. Also,
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if « < 0, then k,a + k118 = b implies k, 116 =b—kpa >b>0,s0 0 >0. And if > 0, then kya + k1108 = b

implies k118 =0—kpa < kpt1 — kna < kpy1,80 3 < 1,50 3 <0. So a and 8 have opposite signs. On the other hand,
from before, we know that xzk,, — h,, and xk, 11 — h,4+1 have oposite signs, as well, so a(xzk, — hy,) and B(zk,+1 — hni1)
have the same sign. Then: xb —a = x(kpa + kni108) — (hpa + hpi18) = a(xk, — hy) + B(xkpy1 — hpy1) 5 SO
lzb — a| = |o - |xky, — hn| + |B] - |Tknt1 — hnga| > |af - |xky, — hy| > |2k, — by, & contradiction. So no such a exists!



