Math 445

Take-home Exam (Exam 2) Solutions

1. If p=1 (mod 4), p is prime, and a? + b* = p with @ > 0 and odd, then (2) =1.
p

a
Since p is prime, (—) can be treated as either a Legendre or Jacobi symbol. We treat it as

a Jacobi symbol, since <1—)> makes sense as a Jacobi symbol (a is odd), and then we know
a

that (2) (B) — (_1)’%1?1 =1, since p = 4k + 1 for some k, so P ; L = 2k is even. So
a b P !

()= ()

But if @ = aq - - - ap is the prime factorization of a, then (g) = <a%) e <C%) . But since

a?+b=p,b*=p—a®*=p+a;(—a-ar--ai_1a;+1--a;) =p (mod a;) , so <a£) =1

7

for every %, so <£> =1, so (E) =1, as desired.
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2. If x = lag,a1,...,ap,...] > 1, then — = [0,a0,a1,...,0an,...] . We can then describe
T
H 1 h
the convergents —~ of — in terms of the convergents — of z .
K, = n
If we write 1/x = [bg, by, ...], then since x > 1, 0 < 1/x < 1, s0 by = |1/z] = 0. In fact,
1/z =0+1/x =10,z]. Soby = || = ao, and if we write 2o = z—ay , then = [ag+x] and
1/z = [0,a0+ xo] . Assume, inductively, that b, = a,,—1 and if x = [ag, ..., an_1, an + T4
then 1/2 =[0,a0,...,an_1, 0, +x,] . Then writing 1/x, = |1/z,| +Zni1 = Gnt1+Tni1,
we have = = [ag,... ,Gn_1,0n + Tp] = [a0,--. ,an, 1/xn] = [ag, ... ,an,ant1 + Tny1] and
1/z = 1[0,a0,...,an-1,0n + 5] = [0,a0,...,0n,1/x,] = [0,0a0,...,0n,ant1 + Tpy1l, SO

bp+1 = an. So, by induction, we have by = 0 and b;41 = a; for every i > 1, so 1/x =
0, ap,ai,...] .
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[[Or the short proof! [0,ag,a1,...] =0+ —— = — , since = = [ag,a1,...] ]

lag,a1,...] =«

1 H_ 1 H, 0 k., H 1 k
From thiS, we can Compute, for ;, K—_i = 6 s 72 = I = h—_i, F:]l_ = a_o = h—i)) s and if we
H; ki_ H, H, 1b,+ H,_

assume, by induction, that Fj = hj‘—i for every j < n, then K, = Kn—ibn i Kn—z =
kn— n— kn— kn— . . Hn kn—
hnzzni i hnj, = hni . So, by induction, we have K—n = hnfi for all n > 0.

3. The equation 22 = 2 + 41y , z,y € Z has a solution, but the equation z? = 2 + 41y? ,
x,y € Z has no solution.

2
2% = 2+ 41y has a solution z,y € Z < 22 = 2 (mod 41) has a solution z € Z < <H) =1

2 2_
. But <H) = (—1)418 t = (—1)1680/8 — (—1)%19 = 1, s0 22 = 2 + 41y has a solution
x,y € 7, as desired.



On the other hand , 22 = 2+ 41y has a solution z,y € Z < x? — 41y = 2 has a solution.
But since |2| = 2 < v/41 is not a square, x? —41y? = 2 &h? —41k? = 2 for some convergent
h;/k; of v/41 . But we can compute, for v41 = [ag, a1, ...] :

v41 4+ 6 V4l — 4
6 < /41 < 7 , SO ag = 6, To = v41 — 6 ; Cl — 5+ , a1 = 2 , X1 = —5 5
V4l +4 V41 — 6 v41 + 6 v41 — 6
CQ — 5 , A2 = 2 , Lo = T 5 C?) = f , a3 = 12 y L3 = f ) and

the process repeats. In particular, the set of possible values of h? — 41k?, starting from
i = —1, are 1, -5, 5, -1, 5, -5, 1, and then they repeat (from the first -5) . So the only
non-square values of 2 — 41y? = N , with |[N| < /41 , are —5,—1,1,5 . Since 2 is not in
this list, 22 — 41y? = 2 has no solutions with z,y € Z .

. If n =3 (mod 4) , then the length of the periodic part of the continued fraction of \/n is
even.

We know from previous work that, if p is prime, then 22 = —1 (mod p) has a solution <

= (mod 4). Since n = 3 (mod 4), at least one of it’s prime factors p is = 3 (mod 4)
. So 2?2 = —1 (mod n) has no solutions, since if n|z? + 1 then p|z? + 1 . In particular,
2?2 — ny? = —1 has no solutions. In particular, this means that for every convergent of
vn, h? —nk? # —1 . But if the length of the periodic part of the continued fraction
expansion of \/n is odd, \/n = [ag, a1, ... ,am_1,2a0], i.e., m is odd, then h2,_; —nk2, | =

(—=1)™2(1) = —1 . Since this is impossible, m, the length of the period, must be even.

. A solution to the equation z? —29y? =7 , x,y € Z, with > 1000 and 3 > 1000 :

By inspection, we find that 62 — 29(1)? = 36 — 29 = 7. To find larger solutions, we first
find a solution to 2% — 29y? = 1 . We compute:

V29 +5 V29 — 3
5 < V29 <6 ,80a =05, g = V29—-5; (1:T+,a1:2,x1:T
\/ —|—3 V29 — 2 V294 2 V29 — 3
; G2 = a2:1’$2:T;3:T’a3:1’$3:T;
V2 +3 V29 -5 V2945 V29 -5
G4 = ya4=2,14=—r— ;G =—7—,a5=10, 25 = —— .
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So g5 = 1, so h3 —29k? = (—1)3¢s = —1 . Computing convergents, hg = 5,h; =
2-5+41=11,ho =1-1145=16,h3 =1-16+11 =27, hy = 2-27+4+ 16 = 70 , and

ko=1,k =2-140=2,ky=1-2+1=3,k3=1-3+2=5k; =2-5+3=13.

So 702 — 29 - 132 = —1, so computing (70 4+ 131/29)2 = 4900 + 70 - 261/29 + 169 - 29 =
4900 + 4901 + 1820129 = 9801 + 1820v/29 , we have 98012 — 29 - 18202 = 1 . Then,
finally, (6 + v/29)(9801 + 1820v/29) = 6 - 9801 + 1820 - 29 + 98011/29 + 6 - 18201/29 =
58806 + 52780 4 98011/29 + 109201/29 = 111586 +20721/29 . So 1115862 —29-207212 = 7

If we want an even bigger example, (9801 + 1820+/29)% = 192119201 + 35675640+/29, and
(192119201 + 356756401/29)(6 + v/29) = 2187308766 + 406173041v/29 , so 21873087662 —
29 - 4061730412 = 7, as well. If we want smaller values, we can use (6 — 1/29)(9801 +
18201/29) = 6026 + 1119+/29, so (6026, 1119) also works.



